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Il SEMESTER GROUPS

Defn of a Group: A non-empty set X with an operation * is a group if it satisfies (i)
Closure axiom (ii) Associative axiom (iii) Identity axiom and (iv) Inverse axiom.
OR

Defn of a Group: An algebraic structure (X, *) is a group if it satisfies (i) Associative
axiom (ii) Identity axiom and (iii) Inverse axiom.
Defn of a Semi-Group: A nonempty set X with an operation * satisfying closure and
associative axioms is a semigroup.
Abelian Group: A non-empty set X with an operation * is an abelian group if it
satisfies (i) Closure axiom (ii) Associative axiom (iii) Identity axiom (iv) Inverse axiom
and (v) commutative axiom.
EX: 1. (N,+) is a semi-group but not a group.

2. (N,’) is a semi-group but not a group.

3.(Z,+) is an abelian group

4. (Z,7) is a semi-group but not a group.

5.(Q,4), (R,+), (C,+) are all abelian groups,

6.(Q,"), (R,7), (C,r) are semi-groups but not groups, these are groups by deleting 0
in the set.
Problems on Groups:
1. Prove that the set {2"/n€Z} is a group w r t multiplication.
soln: Let G={2"/n€Z}
closure axiom:
let 2%, 2¥€G
2% 2V=2""€G
Associative axiom:
let 2%, 2Y, 2%€G

2X(2Y 27)= 2X(2V+2)=2x+y+
(2X2Y) 22=2x+V2=Dx#y4z

Identity axiom:
1=2%is identity in G
Inverse axiom:



V2*€G, then 2™ is the inverse of 2*.

therefore, (G,") is a group.

2. Prove that the set {a+ \/2b/a,b€R} is an abelian group w r t addition.

soln:

let G={a+ V2b/a,b€R}

closure axiom:

let a1+V/2b1, a+V2b2€G

(a1+V2b1)+( a2+V2b,)= ar+ar+V2 (b1+b2) €G

Associative axiom:

a1+\/§b1, a2+\/§bz, as+V2bs; €G

a1+V2b1+(ax+V2ba+ as+v/2bs)= a1+v2b1+(ax+ as+V2 (br+bs)

=ar+ar+as+V/2(bi+br+bs) €G

(a1+V2b1+ a2+v/2b2)+( as+v/2bs)= (ax+ as+V2 (bi+b2)+ (:as+v/2bs)
= ar+ar+as+V/2(b1+bo+bs) €G

Identity axiom:

0=0+V2 0 is identity in G

Inverse axiom:

for every a+V2b€G, -a-V/2b€G is the inverse of a+V/2b€G
commutative axiom:
let a1+v/2b1, a:+v/2b,€G

(a1+V2b1)+ (a2+V2ba)=a1+ar+/2(b1#b,) = ax+a1+V2(ba+b1)= (a2+V2by)+ (a1+v2b1)
therefore, (G,+).is an abelian group.
Ccos© sind

}/(96 R} is groupwrt

3. Prove that the set of matrices in the form i
-SiNB coso

matrix multiplication.

cos® sin®
soln: let M= i /[0eR
-8IN© CosO

closure axiom:

cos6, sing Cos6, sinG,
let A=| ,B=| . €M
-SiNG, Cos6, -SinB, Cos6,



{cose1 sinelﬂcose2 sin@z}
now, AB=

-SinG, cosO, || §inB, Cos6,

[ cos6,cos6, —sinB,sinG, sinG,cosB, +cos6,sind,
| 8in©,cos6, —cos6;SinG, c0s6,cosO, —sinasinej
"cos( §,+6,) sin( ©+6,)
sin( §,+6,) cos( 91+62)}

Associative axiom:

cosE, sing, cos6, sinG, CoSO, sinG;
let A= , B= ) ,C=| . €M
—SinB, CosB, -8inG, Cos6, -5iNG, €osB,

cos6, sing || cos( 6,+6,) sin( 6,+6,)
-sing, cosej {—sin( 6,+6,) cos( 62+e3)}
cos( 6, +6,+6,) sin( ©,+6,+6,)
{ﬂn( 6, +6,+6,) cos( 6 +6,+6,)

Identity axiom:
cos0 sin0| (1 O
Sinb Cos is an identity element

Inverse axiom:

cos6, sing
let A=| €M
-SIN6, COos6,

adjA [cos( &) -sin( 8)] [cos( €) sin( 6) M
Al |sin( 8) ‘cos( @) | |sin( ©) cos( ©)

therefore, M is a group w r t matrix multiplication.

A(BC)= {

}(AB)C

A=

4. Prove that the set of complex numbers of the form {cos©+i sin©/©€R} is a group
w r t multiplication.

soln: let C={cosB+i sinB/B€R}

closure axiom:

let cosO1+i sinB1, cosO2+i SinB€C

(cosB1+i sinB1)(cosO2+i sinBO3)= cos(O1+ B;)+i sin(B1+ B2)€C, using Demoivrs' thm.
Associative axiom:

let cos©1+i sinB1, c0sO2+i sinBO2, cosO3+i SiNO3€C



[(cosO1+i sinO1)(cosO+i sinB)](cosOs+i sinBs)
= [cos(©1+ ©2)+i sin(B1+ ©3)] (cosBs+i sinB3)= cos(B1+ B2+ BO3)+i sin(B1+ B2+ B3)
also, (cosB1+i sinB1)[(cosO2+i sinB2)(cosOs+i sinB3)]
= (cosO1+i sinB1) [cos(02+03)+i sin(B2+03)]= cos(B1+ B2+ O3)+i sin(B1+ B+ O3)
Identity axiom:
1=cos0+isin0€M is identity
Inverse axiom:
for every cosB+i sin6€M
inverse is cos(-0)+i sin(-8)€EM
therefore, Cis a group w r t matrix multiplication.

5. Prove that the set of integers Z is an abelian group w r t + defined by
axb=a+b+3,va,b€z
soln:
closure axiom:
let a,b€Z, axb=a+b+3€Z
Associative axiom:
let a,b,c€Z
ax(bxc)=ax(b+c+3)=a+b+c+3+3=a+b+c+6
(a*b)*xc=(a+b+3) *c =a+b+3+c+3=a+b+c+6
Identity axiom:
Va€Z and e be identity
then by identity axiom a*e=a
a+e+3=a
e+3=0
e=-3€Z is identity
Inverse axiom:
Va€Z, let at be the inverse of a
by inverse axiom
axal=e
a+al+3=-3
al=-6-a€Z
commutative axiom:
axb=a+b+3=b+a+3=b*a
therefore, (Z, *) is an abelian group.
6. Prove that the set Q.; of rational numbers other than'-1' is an abelian group



w r t * defined by axb=a+b+ab,Va,b€Q.1
soln:
closure axiom:
let a,b€Q.1, axb=a+b+ab€Q.1
Associative axiom:
let a,b,c€Q.1
ax(bxc)=ax(b+c+bc)=a+b+c+bc+a(b+c+bc)=a+b+c+bc+ab+ac+abce
(axb)*c=(a+b+ab) *c =a+b+ab+c+(a+b+ab)c=a+b+c+ab+ac+bc+abc
Identity axiom:
Va€Z and e be identity
then by identity axiom a*e=a

a+e+ae=a

e+ae=0

e(1+a)=0

e=0€Q.1 is identity, because a#-1

Inverse axiom:
Va€ Q.1, let at be the inverse of a
by inverse axiom
axal=e
a+at+aal=0

a’l(1+a)=-a
-d
-1=
TR

commutative axiom:
axb=a+b+ab=b+a+ba=bx*a
therefore, (Q.1, *) is an abelian group.

Assighments:

1. Prove that the set of complex numbers {x+iy/x,y€R} is a group under addition.
2. Prove that the set of even integers is an abelian group under addition.

let G={2n/n€}

(G,+)

3. Prove that the set of integers Z is a group w r t * defined by a*b=a+b+1Va,b€Z is
an abelian group.

let a,b,c€

ax(b* c¢)=ax*(b+c+1)=a+b+c+1+1=a+b+c+2

let a€Z and e be identity



by identity axiom
axe=a

at+e+l=a

e+1=0
e=-1€Z is identity

let a€Z and e=-1 be identity
let a® be inverse of a

by inverse axiom

axal=e

axal=-1

atal+1=-1

al=-2-a€z

commutative axiom
axb=a+b+1=b+a+1=bxa

(Z, *) is an abelian group

4. Prove that the set Qi of rational numbers other than 1 is an abelian group w r t *
defined by axb=a+b-ab,Va,b€Q

5. Prove that the set of positive rationals Q. is a group w r t * defined by

a*b=% Va,b€ Q. is a group.

let a,b,c€ Q-+
abc )
= aoc
ax* (bxc)=ax be__ 5~
5 5 25

Identity axiom:
let a€Q. and e be identity
by identity axiom

axe=a

ae
—=2a
5

e=5€Q.

Inverse axiom

let a€Q. and e=5 is identity
let a? be inverse of a

by inverse axiom



Properties of Group

Thm1: Identity element in a group is unique.
Proof:

Let (G, *) be the group

If possible, let e & d be two identity elements in G
let a€G is arbitrary, then by identity axiom
axe=e*a=a-----(1)

axd=d*a=a-----(2)

from (1)and (2)

e=d

thus, identity element in G is unique.

Thma2: Inverse of an element.in a group is unique.
Proof:

Let (G, *) be the group and e be identity.

let a€G is arbitrary.

If possible, let b and c by two inverses of a

then, by inverse axiom,

a*C= c*¥a= e--—----- (2)
now, b=bxe
b=bx*(ax*c), using (2)
b= (b*a)*c, by associative axiom
b=exc, using (1)
b=c
Thm3: Inverse of an inverse element is an element itself.
Proof:



Let (G, *) be the group and e be identity.
let a€G is arbitrary, then its inverse exist denoted by a™.
let at=x
by inverse axiom,
a*x=x*a=e
a and x are inverses to each other
therefore, a=x*
az(a-l)-l
Thma:ln a group (G, *), (ax b)'=bxa, Va,b€G.
Proof:
Let (G, *) be the group and e be identity.
Va,b€G, consider
(axb) *(b**a?)= ax(b *b™) *a'l=axexa’= axa'l=e-----(1)
also,
(btxal)x(axb)= blx(alxa)xb=blxexb= blxb=e----(2)
from (1) and (2), a*xb and b'«xa™ are inverses to each other
therefore, (a*b)!= blxa™
note: this property can be extended to more than two elements
i.e (axb* c * d)t=dlxclxblxa
Thmb5:In a group (G, *), (i) if ax b=ax c, then b=c(left cancellation)
(ii) if bxc=a*c, then b=a,(right cancellation) Va,b,c€G.
Proof:
(i) consider, ax b=ax*c
pre operating a?, we get
alx(ax b)= a™*(ax c)
(alxa)* b= (at*a)* c
ex b=exc
b=c

(ii) consider, bxc=a*c

post operating ¢!, we get
(bxc)*xcl=(axc)*c?
bx(cxct)=a*(cxc?)
bxe=axe

b=a
Thme6:In a group (G, *), the equation x+a=b, Va,b€G has unique solution.
Proof:



consider, x*a=b-----(1)
post operate a both the sides
(x+a)*al=bxa?
x*(axa?l)=b*a*
x*(a*al)=bxa*?
x*e= bxa!
x= b*a™ is the solution in G
To show the solution is not unique, let x1 and x2 be two solutions of (1)
therefore, x1*a=b and x2*a=b
then, xi1*a=Xxz*a
X1=Xz by right cancellation law

continuation of problems on groups(finite groups):

1. Prove that the set of cube roots of unity is an abelian group under
multiplication.

soln:

let G={1,w,w?} be the cube roots of unity.

[ where w="1* i*/g, w2="1- iv3 such that w3=1 and 1+w+w?=0]
2 2

construct the composition table
11 w W

1 w w?
Wl w w1
wiw? 1
1. closure axiom: All the elements in the table are in set G.
2. Associative axiom: 1 (w w?)=1.1=1
(1. w) w?= w. w*=1
3. Identity axiom: 1 is identity element in G
4. Inverse axiom: 1=1, wl= w?, (W)= w
5. commutative axiom: the table is symmetric about the diagonal elements
therefore, (G, .) is an abelian group.

2. Prove that the set of fourth roots of unity is an abelian group under
multiplication.

soln:

let G={1,-1,i,-i} be the fourth roots of unity.



construct the composition table

1. closure axiom: All the elements in the table are in set G.
2. Associative axiom: 1 (i . -i)=1.1=1
(1.1i) -i=i. -i=1
3. Identity axiom: 1 is identity element in G
4. Inverse axiom: 11=1, -11=1, (i) 1= -i, (-i) =i
5. commutative axiom: the table is symmetric about the diagonal elements
therefore, (G, .) is an abelian group.
1. Prove that the set of integers Z is an abelian group under addition modulo4.
soln:
let G={0,1,2,3} be the set of integers modulo4

construct the composition table

§ 01 23
0 1 23
1|1 30
2 |2 3 1
313 01

1. closure axiom: All the elements in the table are in set G.
2. Associative axiom: 1 &, (2 @, 3)=1 8, 1=2
(16 2) & 3=36,3=3
3. Identity axiom: O is identity element in G
4. Inverse axiom: 01=0, 11=3,21'=2,31=1
5. commutative axiom: the table is symmetric about the diagonal elements
therefore, (G, &, ) is an abelian group.

2. Prove that the set of integers Z is an abelian group under addition modulo6.
soln:
let G={0,1,2,3,4,5} be the set of integers modulo6

construct the composition table



©| &

A W N =

1. closure axiom: All the elements in the table are in set G.
2. Associative axiom: 1 @, (4 ©,5)=1&, 3=4
(1,4) &,5=5@, 5=4
3. Identity axiom: O is identity element in G
4. Inverse axiom: 01=0, 11=5, 2= 4, 3'1= 3, 41=2 51=1
5. commutative axiom: the table is symmetric about the diagonal elements
therefore, (G, ;) is an abelian group.

3. Prove that the set of non-zero integers Z is an abelian group under
multiplication modulo?.

soln:

let G={1,2,3,4,5,6} be the set of non-zero integers modulo?7

construct the composition table

® 12 345 6
1 5 6
2 3 5
3 1 4
4 6. 3
5 2
6

1. closure axiom: All the elements in the table are in set G.
2. Associative axiom: 1®; (4 ®,5)=1®,6=6
(1®, 4) ®,5=4®,5=6
3. Identity axiom: 1 is identity element in G
4. Inverse axiom: 11=1, 21=4,31=5,41=2,51=3 61=6
5. commutative axiom: the table is symmetric about the diagonal elements
therefore, (G, ®,) is an abelian group.
4. Prove that the set of non-zero integers Z is an abelian group under
multiplication modulo5.



5. Prove that the set {2,4,6,8} multiplication modulo10.
soln:

let G={2,4,6,8}

construct the composition table

®J 2 4 6 8

2 4 6 8
4 |8 4 2
6 (2 4 8
8 |6 2 8
1. closure axiom: All the elements in the table are in set G.
2. Associative axiom: 2®,, (4 ®,, 6)=2®,,4=8
(2®,,4) ®,,6=8®,,6=8
3. Identity axiom: 1 is identity element in G
4. Inverse axiom: 2'1=8,41=4,6'=6, 81=2

5. commutative axiom: the table is symmetric about the diagonal elements

therefore, (G, ®,, ) is an abelian group.

6. Prove that the set {1, 5,7,11} multiplication modulo12.
soln:

let G=(1, 5,7,11}

construct the composition table

®J] 157 11

5 7 11

11111 7°5
1. closure axiom: All the elements in the table are in set G.
2. Associative axiom: 5®,,(7 ®,,11)=5®,,5=1
(5®,,7) ®,11=11®,,11=1
3. Identity axiom: 1 is identity elementin G
4. Inverse axiom: 11=1, 51=5, 71=7,111=11
5. commutative axiom: the table is symmetric about the diagonal elements
therefore, (G, ®,,) is an abelian group.

Assignments:



1. Prove that the square roots of unity is an abelian group under multiplication.
1. Prove that the set of integers Z is an abelian group under addition modulo?.
2. Prove that the set {1, 3,4,5,9} multiplication modulo11.

10||-10(|10 -10
3. Prove that the set . . , form a group under matrix
01|01 0-1//0-1

multiplication.



