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5. FOURIER SERIES

5.1 Introduction

In various engineering problems it will be necessary to
express a function in a series of sines and cosines which are
periodic functions. Most of the single valued functions which are
used in applied mathematics canbe expressed in the form.

%ao +3@,C0SX+a,CoS2X+......

+hsinx+b,sin2x+......
within a desired range of values of x. Such a series is cdled a
Fourier Series in the name of the French mathematician Jacques
Foureier (1768 - 1830)

5.2 Periodic Functions
Definition : If at equal intervals of the abscissa ‘x’ the value of
each ordinate f(x) repeats itself then f(x) is caled a periodic
function. i.e,, A function f(x) is said to be a periodic function if
there exists a real number a such that f(x + a ) = f(x) for all x.
Thenumber a is called the period of f(x).
\ wehavef(x)—f(x+ a)=f(x+2a)=f(x+3a)
....................... =fx+na)=............

Ex: (|)S|nx sm(x+2p) SN(X+4P )= .oeiiinnnnnn

. LSEN(X+E2NP) =
Hence sin X isaperiodicfunction of theperiod2 p .

(i) cosx=cos(x +2p )=cos(x+4p)=.........

........... =COS(X+2N P )= ceiiiiiennnnn.
Hence cos x is a periodic function of the period 2 p .

We define the Fourier series in terms of these two periodic
functions.
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5.3 Fourier Series
Definition : A series of the form

f(x)= zo+a a, cos(l—)+a b, sm(—)
=1
is called a Fourier series of f(x) with period 2 in the interva
(¢, c+2l) wherel is any positive real number and ay, a,, b, are
given by the formulae called Euler’s Formulae:

c+2l

== Of(x)dx

H

c+2l

a =- 0 f(x)cos(—)dx

H

c+2l

b, == 0 f (X)si n(—)dx

H

These coefficients ag, an, bn areknown as Fourier coefficients.

In particular if | = p , the Fourier series of f(x) with period 2p in
the interval (c, c+2p) is given by

f(x)= > +a a, cosnx+ab sn nx
n=1 n=1
and the Fourier coefficients are given by
c+2p

== O f(X)dx,
8, IOo (X)

[EEN
Q
g,n

a,=— (O f(X cosmp dx

c+2p
b,== O f(X)sinnp dx

Tl T

We shall derive the Euler's formulag’ for which the following
definite integrals are required.
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c+2l 1c+2|
(i) (‘)dx:2l \ aO:I— O f(¥)dx

c+2l c+2l . (a)
(i) Ocosmlo dx= osmmlO dx =0 ) ] ) mp X

To find &, multiply both sides of (1) by cosl—where misa

c+2l

(iii) Ocos MPXGn™PX 4y = 0 for all integers m and n fixed positive integer and integrate w.r.t x fromx= c to x= c+ 2
I | c+2l
- Voo f (x)cos > dx
(iv) Ocos X rp —adx= Osm mpX ﬂO —dx=0
| | ao c+2 er ¥ c+2l n,p rp
(foraIImtegersmandnsuchthatm1 n 5 Qcos | dx+alan QCos—— [T dx
c+2l c+2l c n= c
mpX 2 MPX ¥ o2
(v) Ocosz—dx—l 93|n l—dx &b OCOSmIO sn PX 4
n=1 c
c+2l
5.4 Derivation of EuIer’sFormuIae - aO(O) +a a, ()cos "TIJ oS [I) d><+a b, (0)
Weh a0 mx pX n=1 ¢ n=1
ehave 1(x)= 2 +a & COST +a s I [Using the definite integrals (ii) and (iii) above]
(1 § o2
(-) —a a, Ocosycos%dx (mt n)

To find the coefficients &, a, and hb,, we assume that the series

(1) can be integrated term by term fromx = ctox = c + 2 e -
Tofind aoc,+|2rl1tegrate (1)6\:\:/{rtxfrom ctoc+ 2. ra 00052 rT’p & (m=n)
\ Of(x)—— oldx+aan COSgL_dX ¥
¥ c+2| :a 3\1(0)""%(')
n=1
+ab, o Sln(—)dx [Using the definite integrals (iv) and (v) above]
n=1 c
=%(2)+a @(0)+ab(0) = a,(1)
n=1 c+2l
_1 A nmp X
= a,(I) (using the deflnltelntegrals(ii) above) \ a, =1 0 f(x)cosde

Changing m to n we get
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c+2l
a, _Tl 0O f(x)cosn?—dx ...(b)

To find by, multiply both sides of (1) by sin@where m
is a fixed positive integer and integrate w.r.t x fromx = c to
x=ct+ 2|

c+2|
\ (‘) f (x)sin@dx

c+2 ¥ c+2l
ao Osm rrp dx+a a, Qsin mloxcos%x
n=1 c

¥ c+2l
+a b, O sin mlox n nrl)xdx

n=1 c

¥ c+2l
—a°(0)+aq](0)+ab osnmp sin “I’de

n=1 c

[Using the deflnlte integrals (ii) and (iii) above]
¥ ct+2l n,,p)( p
—aaq Osm—sdex (mt n)

n=1 c

c+2l
+h, Osm@smpde (m=n)

c+2l

=0+b, osm rml;dx

[U5| ng the definite integrals (iv) above]
=b,(I) [using the definite integral (V)]
c+2l

\ b =1 of(x)snm'I;dx

Changing m to n we get
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1c+2l
b =- O f (X)S|anX
(b)

Thus the Euler’ s formulae (a), (b), (c) are proved.

Cor. 1: Inpaticularif | =p andc= 0, we get the Fourier series

_a,, 8 $ .
f(x)==2+g a,cosnx+g b, sin nx
2 n=1 n=1

where the Foureir coefficients are given by
2p

17
8, "y of (x)ax,
%

a, _pi Of (x)cosrp dx
0

b, -1 c‘)f (X)sinnp dx
P o

Cor. 2: In the above formulee if | =p and c=-p , we get the
Fourier series

3 3
f(x)=3+a a,cosnx+g b, sin nx
2 n=1 n=1
where the Fourier coefficients are given by

p
%=1 0f (e

c‘) (X)cosnp dx
p

_OlH 'Olp T |+

c‘) (X)sinp dx
-p
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5.5 Conditionsfor a Fourier seriesexpansion

It should not be mistaken that every function can be
expanded as a Fourier series. In the above formulae we have only
shown that if f(x) is expressed as a Fourier series, then the Fourier
coefficients are given by Euler's formula. It is very cumbersome
to discuss whether a function can be expressed as a Fourier series
and to discuss the convergence of this series. However the
following condition called Dirichlet's condition cover all
problems.

¥
f(x)=%+é a, cosm+g b, sinM

n=1 n=1 I
provided

(0] f(x) is bounded

(i)  f(x) isperiodic, single— valued and finite

(@iii)  f(x) has a finite number of discontinuities in any one
period.

(iv)  f(x) has at the most a finite number of maxima and
minima.

These conditions are called Dirichlets conditions. In fact
expressing a function f(x) as a Fourier series @pends on the
evaluation on the definite integrals

%@f (x)cos$d>< and = f (x)sjn%dx

p
withinthelimitsctoc+2,0to2p or-p to p according as
f(x) isdefined for dl xin(c,c+ 2l) (0,20 ) or (-p ,p)

5.6 Interval with 0 as mid point

If c= - then the interval ¢, ¢ + 2l) becomes (I, [) and
further if c= -p, the interval becomes (-p ,p ). Theseintervals
have 0 as the mid point. For functions defined in such intervals,
we consider the effect of changing x to —x and classify them as
even and odd functions.
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5.7 Even and odd functions

A function f(x) is said to be even if f(-x) = f(x) " xin the
given interva (c, ¢ + 2l) and a function f(x) is said to be odd if
f(-x) =-f(x) " xinthe given interva (c,c + 2I)

5.7.1 Testsfor even and odd mature of a function

If f(x) is defined by one single expression, f(-x) = f(x)
impliesf (x) is even and f(-x) =-f(x) implies f(x) isodd. If f(X) is
defined by two or more expressions on parts of the given interval
with 0 as the mid point, f(-x) from the function as defined on one
side of 0 = f(x) from the corresponding function as defined on the
other side, implies f(x) is even.

f(-x) from the function as defined on one side of 0 = -f(x)
from the corresponding function as defined on the other side,
implies f(x) is odd.

Examples:
Q) f(x) =¥ +1in(-1, 1)

f(-x) = (-X)%+ 1 =X + 1 =f(X)
\ f(x) iseven.

(2 f(x) =% in¢11)
f(-x) = () =-x3 = -f(x)

\  f(x)isodd.
_ix+1 in (-p,0)
@ f(x)-% x-1 in (0,p)
f(- X)in (0,p) =- x- 1=-(x+]) =- f(x)in(-p,0)
\f(x) = -f(x)
\ f(x)isodd

5.7.2 Fourier coefficientswhen f(x) iseven and odd

From definite integrals, we have
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:\j (X)dXZZaCi (X)dx if f (x) iseven.

and O‘(x)dx 0if f(x) isodd.

(@ If f(x) |seven|n( [, 1) i.e, iff f(-x) =f(x), then

f(x) coer)— is aso even.

\ f(-x) cosrp(l- )—f(x) cosrrl) Since cos(-q )=cosq

and f(x) sjn@ is odd.

= f(x)sin@ sincesin(-q ) = -sing

-+ f(x) sin P (I X)

1', 2',
a,=—- Of (x)dx :I— Of (x)dx (by above definite integral)
0

|
of (x)cosy dx :IE Of (x)cosgdx
-1 0

_l
=

of (x)singdxzo
-1

}
|

| |
\ f(x):lg(‘)f(x)dx+—2|@f(x)cos$
0 0

In this case if theinterva is (p,p ) we get
p
8, =2 &f (x)dx
Po

2 p
a, =— Of (x)cosnxdx
b, =0
(b) If f(x) isodd in €1, I) i.e, if f(-X) = -f(x) then
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(%) cos@ isalso odd in (4, 1)

o X

-+ T (- x)cos =- f(x)cosl—

and f(x)sin% is even in (1,

np (- )
|

f(- X)sin np( X) - =f(x)sin—— np X

_II—‘

\ g,= (‘)f (X)dx
-1

—II—\

a, bf (x)cosgdx =0
-1

=|10f (x):smnloxdx:lE ‘f(x)sm I X dx
0

If theinterva is(-p,p)thenaa=0,a=0

X

b, = 2 Of (x)sin nxdx
Po

5.7.3 Intervalswith 0 asan end point
Intervaslike (0, 2I) and (0, 2p) with 0 as end point have
specia features.

2a

We know that O‘(x)dx 2cj (x)axif f (2a- x) =f (x)

and —Olff(2a x):-f(x)
If - f(2-x)=f(x)

Then a, :Igbf (X)dx
0
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(‘)f (X)cos ”‘I’ X dx

0

o —I|\>

if | = p,i.e,if theinterval is (O, 2p) we get

b,
Similarly i
a, Of (x)dx
0
p

25
Y
2 \
—Of (X)cosnx dx
Po
b, =0
If f(2l — x) = -f(x) then
|
a=0,an=0, bn=|—2c‘)f(x)sin$dx
0
Similarly If f(2 - x) = -f(x) then

p
a=0,a,=0, bnzzbf(x)sinnxdx

0

WORKED EXAMPLES
1) Find the Fourier coefficient ag for f(x) = x sinx in (0, D)

(May 2003)

1%
=— Oysinxdx
P o
=i[x(- CosX) + cyos x. 1dx]

—i[ xcosx+sin Xz’ =-2

2) Find the coefficient ag for f(x) = x-1 in(-p,p) (A 1999)

1 p
3, =— O(Xx- Ddx
Py
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i0 for - 2<x<0

11 for O<x<2
find the Fourier coefficient a, in the fourier series.

L ..
a, -1 (‘)f (x)cos?ﬂgdx

=% dx+—(‘j.cos(

X, U
sn(—5-) g
—_—2u :i
B [sin(mp)- O] =

u
g
2

=

4) Obtain the Fourier seriesfor f(x) = x 1 intheinterva (-p, p ).

(A 1999)

Solution :

a0:

'OlH

c‘)f (x)dx=%(‘)(x- Dadx
1% 17
— dx= X
p O &
1
=0- =—[2p]=-
105, ;

-

'O||4

\ g,=-2
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352
1°

— Of (X)cos nxdx

P-p

1c‘)(x 1)cosnxdx
Py

1ér u
=—g@gQXcosnx- (yos nxdxu

pep

p

-p

a

_ieo Zocosnxdxu

pe -p

1e 25|nxu
pE n f

2 ésinnx sinOQ

- =0

"p&n Tl

1P .

, =— Of (X)sinnxdx

Py

lp
=— O(x- Dsin nxdx
Py

1ér u
=—gQxsinnx- Osmnxdxu
pep -p a
—e20<smnxdx Ou
p é o a
gg aecosnxo \ aE0SNX
pe 8 n
_2é XCOSIX sinnxgp
p& n n* 4

Ouix
2

College Mathematics

o
X
G
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_ 2 éze pcosnp 400 u
=22 02- (-0+0)
P % n 2 u
2cosrp _ (- J)"+1
n ( = n

\ Fourier seriesis given by

a, . s 3
f(x)==2+g a,cosnx+gb,snnx
n=1 n=1

n+l
2+a O+a 2 1)

n=1 n=1

n nx

n+l
\ f(x)—-1+Za ¢ D ~—~—dnnx isthe required Fourier series
n=1

5) Expand f(x) = X asaFourier seriesin theinterval (-p,p) and
2
hence show that (i) 1—12i+ 1, P

2 2 12
2
(ii) 112+?1+?1+...=% (A 1999)
Solution :
f(x) =x°

\ f(-X=(-x°=x*= f(X)
\ f(x) isevenin (-p,p)

\ b =0
1 p
a,=— Of (x)dx = Oxdx
pp p
_2% N
p 3
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=]

Po

1

P

2€é ,snnx & Cosnxo aesmnxou
=£ - 2X 242 :
pgx n 8 N’ g 8 n’ Eﬂo
2
p

_ga% smrp+2p cosp sunnpc_) 0

2 3

% n n "’ 5
e -D)" U
=—a0+2 ( 2) -OQ
pe n u
4(-1)
i.,ea =
a, e

\ Fourer seriesis

f(x)=%+§_ ancosnx+gbnsinnx
n=1 n=1

¥
+é A 1) cosnx +0

3 4(- 1)n , . . .
\ f(X) = a cosnx istherequired Fourier series.

. 1 1. 1 p?
I) Toprove - —+—- +...=—
(i) Top 1? 22 3 12
Putx=0 in the above Fourier series

\ FO) =X o+ 4(n]>

cos0

\0=%+4§1 (']3” - £(0)=0°=0

. x> 61 1 1 1 v
i80=—+45x S+ -S+5- 4.
3 81 22 32 42 H
. x> 61 1 1 1 v
ie0="_-4%"- 4+ - — -+ .
@ 3 & 2 F 4 H

Ox’c osnxdx—gcy cosnxdx - X*cosnx iseven
-p

FourierSeries
R T
2
(ii) To provethat 112+?1+?1+'__=%

Putx=p inthe Fourier series of f(x)
-G 1)
f
()= 3

6) Obtain the Fourier seriesfor f(x) = & in (-p,p)
Solution'

355
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-

\

a, = —Of(x)cosrpdx
P

p
-1 Oe‘cosrpadx
P

-P

We know that (g™ cosbxdx = € (aCOS?X +2bS| nbx)
a“+b
lee (cosnx+ns|nnx)u
\ a = i
Y e 1’ +n? i,
1ee cosnp - € “cosnx)U_ (-1)"(e"- )
pE T pwem

(as sinmp =0=sin(-p) and cosrp =(-1)"))
p
:ic‘)f(x)sinrpdx
Py
1P
=— Qg snmpdx
P

e™(asinbx - bcosbx)
a’+b’

We know that c‘pax sinbxdx =

1 ee (sinnx- ncosnx)u

\' b=
pé +n’ Hp

n

_-néecosmp- €’ cog(-nx)U_-neée(-1)"- e’ (- )"

p & 2+n? U & parm

_-n(1'(€ - e?)

p(L+n*)
\ Fourier seriesis

_a,. 3 3. .
f(x)—?+a a,cosnx+g b, sinnx
n=1 n=1

Fourier Series
b (-)"(€ -€e”)
__(eo ¢ )"'3_.1 p(1+n?) coshp
g -n(-1)"(€ - e")
Y T

e-ePe ¢ (-1)"2cosnp +é (-1)"2sinmp u

ie, f(xX)= al+
! 9 2p 'eé' na;l 1+n? < 1+ |
smhpe $ (-1)"2cosmp ¢ (-D)"2nsinnp U
81?:1 1+n? (21 1+ §
&, e-ePo
as ¢sinhp = -
é 2 g
7) Obtain the Fourier series for f(x) = x in (-p,p) and prove
that 1- T+2- 2. =P
3 5 7 4
Solution :
1p
3, =— Of (x)dx
P
1" 1 éx20f
=—oXxdx==g—y =0
p O o2l
1|3
a, =— (Qyxcosnxdx
Py
_1¢é sinnx_ cosnx, of
==% 122,
p& n n® H,
ziga%smrp cosnp 6 e sin(-np) , cosnp au
P& n 1 & n " a
_16 ()" (-)"u_
==t LJ_O
pe n n-a

357
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o
1

f (X)sin nxdx

'z':O;U

XSin nxadx

sinnxdx ‘. XsSiNnnx iseven

"QTsQC Tk

COoSNX © sin nx U
=" 1( 2 )u
n ] n Uo

('D!'I;><('D~
*a 8

u

p cosmp 8, a@nnp 0 (0+0)u

n g é n
D" _2-3™

n n
Fourier seriesis

935”’53

©

UIN

f(x)=ﬁ+§_ ancosnx+gbnsinnx
n=1 n=1

n+l
—O+O+a( D" 2sin nx

n=0

¥ n+l :
\ f(x):é( D" 2sin nx
n=1

Put x=B in the Fourier series
-pm2sin P
(-1 >

n=0 n

np

College Mathematics

is the Fourier series.

since sin7:O if niseven.

Fourier Series
D ZsinB sin2 sinE
\ E=2g 2 , 2 , 2 ,
2 & 1 3 5
e
\ p_:l_i+i_1+
4 3 5 7
|e.,1——+E E .. =P
5 7 4

8) Find the Fourier seriesfor €*in the interva (-1, 1)
Solution :

1I 1I
2 =7 Of ()= & ek
-1 -1

€. x
£
&

N
=781,

(- cos——

ES
|

1
_I_g_

e'-€ _2sinhl

e'g

1
|

de—x
-1

I
Of (¥)cos
-1

npx ., pn .

COSrT—

I
o X

AP X

dx

dx

U

oo ENoN e

T,

1
|

359
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1ge'( cosp +I—psmrp) é(- cosrp-%smrp)ﬂ f(x)= ao+aa cos“lJ +a b smnTX
— n=1 n=1
O g snhl ¢ (-1"2simhl __ npx
1 L \ f(¥)= Cos
D %|é (9= | 2 1P+np? I
_1é(-1)"(€ - e )u| a( n" 2rpsmh| nPX
Iee 1?+n%p? = 12+np? I
1 I(- 1)"2sinhl e\ f(x _ sinhl 1+o (-D" chosrpx
I2+n2p2( D"(€ - e)_Tp S (%) | [ ?‘1I2+n2p2 |
1' X $ (-1 2rp| NP X
b == f(X)sin —=dx +a
=70 (x)sin = A 17 +np? I
7! pX 9) Expand f(x) =x sinx, 0<x <2 inafourier series
== Cp “sn—-dx
I_c,)cJ I 1%
N a, = . Oxsmxdx—a[ xCosX+sinx|> =-2
1€ '(-gnPX_NP 4 nIOX)u 0
-Zé I 1%
| & & (J a, =— QXSnx.cos nxdx
A (I T
[ 1 . .
=— OX(sin(n+1)x-sin(n-1)xdx
1ge (- smrp-%cosrp) é(smnp-l—pcos.rno)u 2
=—(:e - u _ 1o cos(n+1)x cos(n- 1)x
'e 1+ 0P g o T
é, ) I“ . -y cos(n+1)x+cos(n- 1)X)dx]
T > +n%p? =5[2p( n+1+n 1)] 71
|2(_ l)n m(el _ e— ) _ 1 N . .
1 | _(-)"rp2sinhl b, =— ¢ sinxsinnxdx
_T 12 +n%p 2 - 12 +n%p 2 P

+n’p +n’p

1
\ Fourier seriesis = 5 Ox(cos(1- n)x- cos(1+n)x)dx
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_1 éx sn(1l- n)x i sn(1l+ n)x_ gn(l- n)x_ sn(1+ n)xudx
2p € 1-n 1+ n 1-n 1+n H

:ié +COS(1- nx. cos(1+n)xg2IO _
& (@-n°  @+n)’ g

o &
f(x)=-1+ é_ gem%cosnx

Note : When x =% we derive that

11,1 y-p*2
1.3 35 57 4
10) Find the fourier series for the periodic function f (x)=|¥ in

1

Given f(X) =| whichiseven

¥
\ Thefourier seriesis f(x):%+é ancos($)
1

—IN

(9<>CD> M\ © Q/ -
ey el enid

=N
DD D:D

®
3

==

—InN

Fourier Series 363
2é |2 12 U
=—aA+——co -—n

| 2'0 n’p? S n’p

2 (cosnp - ) =—2 (- )"~ 1)
n’p

r]2p 2

| o 2 ) X6
\ =58 D DCOS??_E
for O£x<p

I X
:' asafourier
1P - X for pE£x<2

11) Expand f(X) =
series.
2p

- 1p\ 1 N
3, =— Oxdx +=5(2p - x)
0 p p

- )2
P&2p p 217,

I e -
—2+p[(4p 2p9)- (2p 2)]

1 éxsin(nx) Gsn(nx)dxg
p& n n

snnx .sSnnx . U
—+O—n dXH

P , 2p
cosnxu  1é. cosnxu

16
+=A2p - X
pS(p )

16

=— 0+ s+ = 0- ——~

p& n H, p& Y
1 Lo 16 1 (-D"u

= D - 1Y+ =+
pnzg ) H pe n2 n2 H



364 College Mathematics Fourier Series 365

2 o0 A _1¢é sinnx sinnxu
= -1 - — A"
2@ ) lH ps n L n H
1%
—0<sm nxdx+— ()(2p - x)sinnxdx =—(0)=0
Po P p
:ie-xcosner(\)cosnx dxl»Jp b, :10 f (x)sin(nx)dx
p& n n 4 P
. 2p 1°
+ig(30 gecosnXE Ocosnx_dxg HO( 1)smnxdx+ ésmnxdx
n g n t -

1epcosnxu 1epcosmg -0 :ieCOSI’]Xu aecosnx?H
pSnHJpSan pgnﬂgnguo

\ The fourier seriesis

f(x):B

=—[1- cosrp - cosrp +1]
np

- 1)cosnx+0 2
=—(@2-(-2")
pn
\ byiszeoforn=2,4,6, ...
and bn=i forn=1,35,..

o

=% &5 (( 1)" - 1)cosnx

12) Find afourier series for the function pn
i-1 -p <x<O0 \ Required fourier series
_'[ —
f(x)= x=0 f(x)=0+g 0.cosnx+g 2 snnx
{ 1 0<x<p pn
4é. sin3x u
1P =—anXx+ +..¥
a, == Of (x)dx P 3 H
E i L7 . Note : when x= 2
=— O ldx+—@gdx=—[-p +p] =0
Py Po p f(x)= 1_i§1_3+1_+ ¥U
1p\ P 3 5 H
a,=— Of (X)cos(nx)dx p 11
Pp —=1- —+=- +.
L0 1" 4 3 5
=— O cosnxdx+— ¢§.cosnxdx 13) Find the Fourier seriesfor +/1- cosx intheinterval
Py 0
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Perch T T a LR SR S
Let f(x)=+/1- cosx . Itisanevenfunction T p p agmz_lﬁ
\ (%) :ﬁ+é acosnx. b =0 14) Ifalsnotanlpteger shpw that fgr P <x<p
2 Snax = 2Sinaxésnx 2sin2x 3sin3x u
2" 2 =X  p 8&-a Z2-a& 3-2& H
% __0 o COSXdX_E"E@nEdX Since f(x) =sin ax is an odd function, & & &, are equal to zero.
p
Z NY N - .
2\/52 cosgg a3 bn—a Oinax.sinnxdx
— =< P -p
= & q =
pa 1y p 2°1
8 2 HO :—Oé(cos(n—a)x— cos(n+ a)x)dx
p
- 2 o cosmetc= 212 ggin % cosr s !
a, —E - COS X.COosnNx X—T@nE.COSI‘IX X :iesn(n_ a)x- Sn(n'i‘a)Xl:I
2\/_231 X X 0 pE n-a n+a b
=——O{sin(=+nx) +sin(=- nx)}dx _1¢ cosrpsinap cosmp sinap u
0 2 2 p & n-a n-a H
é 1, _ cosmpsinapae 2n
_Q‘:{ cos(n+—)x+cos(n-§)x(J =- > S
" p & 1 1 Y _ o
é n+= n-= : o - COSMmpsinag e 0 .
2 0 \ sinax= ~sinnx
) i Co a7 -
\/Eg 1 1 ld _2sinap o -ncosnp.sinax
= §0rOr p AT e |
€ n+- n--u _2cosmpsinap ésinx  2sin2x . 3sin3x u
e 2 20 = > =" 3 >t 3 > +E|
6 1 14 p &°- a -a - a
_V2¢" 5 "5 -
€ 1 U Exercise:
Pe n-= g | A.
€ 4 0 1. DefineaFourier series
WRe 1 6 2. Write the empherical formulae for the fourier coefficients.
T p &4m-1p 3. Write the fourier series with period 2p in theinterval
(cc+td)

4. Derivethe Euler’sformulaein theinterva (c, c + 2)
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5. Write the Fourier coefficients in the interval (-I,1) when f(x) is

a) even and b) odd.

Mention dirichlets conditions.

Find the fourier coefficient & for the following functions : -
i) f(x)=Xinp<x<p
(i) f(x)=x*in -1 <x <l

i O0<x<

iy 0= X<P

T2p- x p<x<2p
(iv) f(X)=|X| -p <xX<p
(V) f(x)=cosl x in-p£xEp

N o

i-1 -p <x<O0
W) f)=10 x=0
i1 0<x<p
-,}1+2 -p<Xx£O0
wvi) f(o=r P
.I. 2X
1- — O<x<p
T p

8. Findthefourier coefficientsa, and b, for the above
problems.
(2 marks for each constants)
B. 1. Find the Fourier seriesfor
a f(x) =»in-p <x<p. Hence deduce

2
1+l y=P
5 8
i-X in -p<x£0
b ()=} .
I X in 0<x<p
Hence deduce 1- 1+} %¥ :%

) f(¥)=|¥ in-p <x< p. Hencededuce

Fourier Series
1 1 p?
1+—2+—2+...¥=§
d f(x)=|sinx
e) f(x)=1+§, -pEXEO
p
:1-2, O£ XEp
p
f) f(x)=cosax in-p£x£Ep,aisnot aninteger.
-}-X+B in -p<x£0
9 F00=)
I = - x in 0£x<
f2 P
h) f(x)=x(p - x) 0EXEp
_J[ X in O<x<%
If f(X)—|
fp-x in 9é<x<p
. i1 px in O£ x£1
) f)=i .
ip(2- X in 1ExX£2
i X in (0,1)
k) (=] )
ip -2 in (,2)
i-x? -p<x<0
D FM=i X
7 X 0<x<p
m)f(x) =x3in -p <x<p
il -p<x<0
n f(x)=j
10 O<x<p
il -p £x<0
0 f(x)=]
P2 O<x£p

369



370 College Mathematics
i-a -p<x<O0
p f(x)={
a O<x<p
ip+Xx -p<x<O0
o f(¥)=]
ip- X O0<x<p
X2 p? 11 1
N f(x)=—, -p<x<p,Hence —=1+—+—"+—+..¥
Y 4 P P 6 4 9 16
I1. 1. Show that the fourier seriesfor f(x) = 1-x° in(-1,1)is
_2 4, ( "
———00Sp X
"3 p n

( Hint f(x) iseven)
2. Show that the fourier series of

I x in -%<x£%

f(9) =i
™ 'pr-x in F/2<x<3p/2

40(1)

f(x)=—aq ——sin(2n+1)x

3. Show that the fourier series of
p+X

i

. -p <x<O0
£(%) :¥ 2 is

[ in 0<x<

2 P

F() zsinx+ 302X, SINK,

(Hint : f(x) isodd)
4. Show that the fourier series of
f (x) =|cosx| in(-p p) is
f(X )—E+ (—cost— icos4x+1/4¥)
p 15
5. Iff(x)—x+ x*for -p <X<p, show that

Fourier Series
1 1 1 p?
—t+—+ —+ =" ad
1 2 F 6
1,11, _p°
? ¥ 5 8

6. If f(x)=xin (-p,p), show that
f(X)=2(sinx - %sin2x+?1gsin3x+...)
(Hint f(x) is odd)

Answers
A.7 (i) 21; (u)l ([iyp (v)p (v
S G _
8.() a,= o2 b, =0
(iii) a_ = -1, b, =0 (iv) a,=
) a, =27 30P
I n

(vii) a, = 2[1 (-1, B =0
B. |

23|nl p

-4

p(2m- 1)*’

d f(X):E_iiCOSZX+COS4X+COSGX ...¥"’

p pi 3 15 35 b
1 1

e) f(x)=ii COSX +—CO0S3X +— COS5X +...¥ u
pZi 9 25 b
111 & 2a 0

) f=={=-4
pia 7 n’- azg
4 SEO0SX COS3X COS3X 0

f(x)= + + +.¥ -

371

(ii)an:(-l)“? b, =0

b, =0

b, =0 (vi)a,=0, b, =-2{1-(-1"]
o
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aE0SX CcoS3X o)
h) f(X)=-I02'8%1—2+—2+ :

zaaao 40 Oy P sin2x aﬁo 4('5 snx +P S|n2x u

&L €1 T 2
. 4 ésinx sin3x sm5x u
[ i) f(X)=— - + T
) () () 812 32 52 H
4 2 écos2x cosb6x coslOx u
i) f(x)=—-— + + +..¥
D 7
P 4ecospx cosP X CcosP x u
f(x)== + + +...¥
D 1e9= 2 p& P g 5 H
o (D™ 1)n+1 gn P X
sn—-
k) a |
A 2 2 2 2 U
|)3€5¢’—-i235mx- p—sm2x+ap— A;gsin?)x- p—sin4><+...L'J
P&EL T'p €3 I i
A 2 2 2 A u
m) Z%p ——Sgsinx—a)—— TSIHZX+§9— gsmlax U
el T'g é2 2g é3 3g Q
1 24 sin(2n- Yx
n f(x)y==- —
) f(X) > IOa o1
3 2o sin(2n- Yx
0 f(X)=—+—
) f(x) > pa P
4a o sin(2n- 1)x
f(x)=—
P f(x) 5 o1
@ (9= +28 @ (1) cosnx
p

5.8 Half —range cosineand sine series

Many times, it may be required to obtain a Fourier series
expansion of a function in the interva Q, I) which is haf the
period of the Fourier series. This is achieved by treating (O, |) as
half — range of ¢l, I) and defining f(x) suitably in the other half

Fourier Series 373
i.e, in (-, 0) so as to make the function even or odd according

as cosine series or sine seriesis required.
| |
\ &, :E(‘)f (x)dx, a, :E(‘)f (x)cos@dx

np x

\ f(x)— +a egcosT for half — range cosine series and
n=1
|
b, :IE(‘)f (x)sin@dx and write the series as
0
¥
f(x)=a b@in? for haf — range sine series.

n=1

Similarly, in (O, p)
2° 2°
a, =—(§f (X)dx, a, =—f (X)cosnx dx
Po

and f(x)- > +a a, cosnx
n=1
p

2° . 3 .
b, zaof(x)smnxdx f(x)=aQ b,sinnx
0 n=1

NOTE : (i) To solve a problem on Fourier series we have to find
ao, & and b and substitute in

f(x)= 6;"+a_a cosmi—+ab Smrpx

y I

=1
(if) Finding of ap, an, b, involvesintegration. In most of the
problems, f(x) consists of terms like x, X2, »°, etc which after a
few differentiation will be zero.

The generaized formula for integration of the product of
two functions u and v called the Bernoulli’s rule may be used for
finding a, and b.

GVax =uv' -u? Hulc- it -
where dashes denote differentiation w.r.t x and suffixes 1,2,3,. . .
denote integration w.r.t. x
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N 22 C0SNX§ , 2e smnxo aa:osnxo
For eg. O¢" sinnxdx =X 8 = 2X 8 5 8
n n n®

(iii) The following values of cosine and sine are useful
cos0=1,cosn p = (-1)"= cos (-np), cos% =0 if nisodd and
cos™® = (- 1)D if niseven.

2 2

n-1

sn0=0,snn p = sin(mp), sin%z(- 1) 2 if nisodd and
sin% =0 iseven.
(iv) Integration work can be reduced to a great extent by using the
ideas of even and odd functions, whenever O is the mid point.

(v) If f(x) is neither odd nor even, then f(x) may consist of some
terms which when taken individually may be odd or even and the
integr ation work can be reduced.

Worked Examples:
1) Find the half range sine seriesfor f(x) =xin (0, 1)
(May 2003)

L .
o . &PXo _ 2 . aaPpXo

f(x)=q b.sinc0——~= where b, =— f (X)sinc——-0x

(x)=a b, L g LOO() L &

1

b, = 2 c‘)(.sin np xdx

€ XCcosmx
=2 —+— 0S xdx
g m QPose H
:zg xcosnpx+smnpxu
g€ np (p)?

Fourier Series 375
é xcosrpxu_2(-1"
=23
€ m 0
\ Haf = ramge Sine seriesis

_d 21"
A7

Sin(mp) x

1
2) Obtain the half -range Sine series for f(x) = x over the interval
©, p) (A 2003)

2p
=— Ox.sin nxax
0

:ng(

Cosnx

) + Q:os nxdx

i

2é cosnx+sinnxg
p& n n’
2¢
P&

pcospu_2(-1"
n H n
\ Haf = ramge Sine seriesis

f(x)= é%.sinnx

3) Find the half — range Fourier sine series of f(x) = x?in the
interval (0, 1) (N 2000)

21
b. == Ax?sinnp xdx
h 10?< p

cosnp X

:2%@( )+_0:os(rpx) 2xdx

e}_cosrpx ag(smrpx sunrpxdxc_i)
T mE m Om A
é ..lu
g cosnpx 2 a%+cosnpxo ,
é

= Uu
m & M’ g
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:2é~ cosnpx_ 2 awosmpx 1 4l
€ m m&nrp’ np’a
&-1)" 2(— " 2 0.
\ f(X 2 - =sin(mp X
M=a - R (npx)
4) Findthe half range cosine series for the function f(x) =x%in

Op) (A 2003)

Itisrequired to find
f(x) =$+§_ a, cosaeﬂg where
2 1 8 L g

L L .
a, :%(‘)f (x)dx,  a, :%?f (x)cos?%%dx

=£§ , Sin(nx) ) (‘)SIn(nX).Zxde}
p n n H
é 5 .
2 ) 21 <& cos(nx) 0, .cos(nx)

_Eé_ﬁ%% n o n

ldﬁ”

2 €2z xcos(nx) sm(nx) ou

peng n n’ @ﬂ)
_28 2= p(- 1) 60
pe ”g fZ’ul‘J
_4-Y°
n2
\ f(x)—2p2 8 2D cos(r)

2(3) n’

Fourier Series
:%;+éi4(:D

n

cos(nx)

377

5) Find the half range Sine seriesfor f(x) =px- x* inthe

internal O<x<p

2p
== Jpx- x*)sinxdx
0

2° cosnx
=Edp><- x*)(- )- (P - 2%)(-
0
4
:p?(l_ cosm)
_8
pn’
__gsnx+3|n3x S|n5x+ u
_
6) Find haf — range sine series of
_i X 0< XE%
P - X Dy <x<p
29
b, =—Of (X)sin xdx
Po
2% 2%
——Oxsmxdx+— O - x)sin xdx
P o ;y

ye I - ..\p
2¢é & cosnxy ae smnanA

8T 56 v 4

sinnx

—)+(-2)(

cosnx. {f

—l
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2e ae COSNX G & smnxou
= = (-]
g Mg § n &,
38 Bcos(n%)Jr_ sm(nlf%)+B cos(n%) +smn%g
pé 2 n n’ 2 n n° 0
€ u
_ 4 &P 0
8 2 o
: sin3x sin5x u
\ f =—An - + -+ ¥
() 5 gs' X~ =3 = i
7) Find the half — range sine series for f(x) = 2x-1 in the interval
0, 1) (A 2001)

2" .
b == 2x- 1)sin(np xX)dx
h 1d )sin(np x)

- n(np X) U u

) - A(——7— 1

cos np X

:2§2 N——=>=
é cosmp 1 1lu
€ m np “mH
\ f(x)= a - —(1+ cosmp)sin(nxp)

8. Find the half — range cosine series for the function of
f(x) = (x - )? intheintervdl 0<x < 1.

ao:%é‘jx— Dok =22 K § =0 %%

1
_2 ox- 1)2.cos(—)dx
18 |

=25——

Fourier Series 379
1
= 2¢yx- 1)* cos(rp X)dx
0

. . 1
_,€ agnnpxo aecosrpxo & snmpxad
=2 Ax- 1) -2( - :+2 -

g g & & np’ &,

2 é 2sin(np) .. 2003(0) u_ 4

g np? n’p? B n’p?

1 o
f(x)=
(x) 3

9) Expand f(x) = x asacosine haf —range seriesin 0 < x <2

Solution : The graph of f(x) = x isastraight line. Let us extend
the function f(x) in the interval (-2, 0) so that the new function is
symmetric al about they y — axis and hence it represents an even
functionin (-2, 2)

\ the Fourier coefficient h=0

\ f(x)=5+§_ancosm
2 o 2
12 1.2 X204
== OXdX==20xdx=a—3 =-=2
25 275 8§21, 2
272 19)
a =— FXcos——dx
n 2_(2)X
e np X ng
é sin—- - cos——U
=62 .1 2 4
e p ap 6 U
€ 2 87— 50
e [}
:%Sinrpx 4 COSI’DXL)Z
& 2 np® T 2 H
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=a%+icos 9 D+ cosO_
% nzpz rpb 8 nzpz
4 "
=F(Cosrp-1)=ﬁ[(- D"-1
\ f(x)_i+aahcos£2X
=1
2 4 np x
=>+a [( )" - oos—-
n:1
4 g- Zcos% - 20053L -Zcos@ 3
f(x):1+—2é > 2 +0+ 2 +0+ > 2 4 G
A 5
P e (
é a
3 gcosp cosm cosSpX 3
e, f(x)=1- —¢ 22 + 22 + 22 +...0
é a

Important Note: It must be clearly understood that we expand a
function in 0 < X < c as a series of sines and cosines merely
looking upon it as an odd or even function of period 2c. It hardly
matters whether the function is odd or even .

10) Expand f(x):%— X if O<x<%

=X- 3 if l< x<1
4 2
in the Fourier series of sine terms
Solution : Let f(x) be an odd functionin (-1, 1)
\ =0 andg =0

1
and b, =19t (x)sin%dx
-1

1

=20 (x)sinnp xdx
0

Fourier Seri%

L u
—- x_smrpxdx+ 5 - 395|nrpxdxu
08 R

Gﬂ oaecosrpo smrpxoull

. =" (‘ 1) ]

%4 ) § np? 1
+2&ag( 30ee cosrpo - 1)ae smnpxou

& 4% n & mp” Al

é a
=2éiCOSm- % +iCOSO+Ou
é4rp 2 np® 4 g
é a
e . npu
e 1 1 SN
+2¢ ——cosmp +0- ——cosmp - ——=5-(
é 4mp 4np np a
é a
1 4S|nnp D
ie,b, =—I[1- (-1)"]- 2—223mce cos—=0
2m np 2
\ blzi- iz; b,=0
p P
1 4
=—+ ; b =0
b3 3) 32p2 4
1 4
=—- ; b, =0 etc
STy T

¥
\ f(x)=gb sinrpx

n=1

g%l pigsmpx+8—+ 4 _smepx
el 4 0
85p 52pz_S|n5px+...

381
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11) Find the sine and cosine series of the function f(x) =p - xin
0< x<p. (A 99
Solution :

(i) Fourier sine series:

2 ¥
b, =—f (X)sin nxdx
Po

| N
+«

O - X)sin nxdx
Po

2 Cosnx o aesmnxou

2¢
L e IO

e cos09 . asin0sU

_e(CJ)(p())gn—énﬁulI

P

N
('D

pn n
\ Fourier sine seriesis
8 . § 2 .
f(x)=a b,snnx=g —sinnx
n=1 n=1
= 2L nx+tsin2x + Ssinax +... 0
81 2 3 H

(i) Fourier cosine series:

2", 2",
8, =—Of X)dx =—(p - x)dx
Po P o

28, XU
pPe 20
2e 02 p?
282 R0 2P,
pe 20 p 2
2P

3, =—(Jp - X)cosnxdx
Po

Fourier Series 383
a@lnnxo ( Dae cosnxou
e 5 UV i
cosrpo aeo cos0su

nzaa

T%

2e1 cosnpu
p8n -
=T(1' cosmp)
np
=2 {1- (1)
p

\ f(x)— +aa cosnx
n=1

+ 3 i[1 (- 9)"]cosnx

2 2
—cosx+3 cosSx+5 COSHX +..

e el

ieicosx+ 1 cos3x+£;;L COSBX +..
p

12) Find the Fourier series expansion with period 3 to represent
the function f(X) =2x — x? in the range (0, 3)
Solution: Wehaec=0and2 =3

c+2l

\ aoz% O f(¥)dx

23
==y 2x- x*)dx
3O

_2é2x U 282 X o
TSE€E 5 T SuU TS U
362 33 3é 3%
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2
= —[9- 9 =0

c+2l

} O f (x)cosr?—

2np x

= 3 dzx - x?)cos

é
Serpx é
X3 3 - (2- 26— 30

g U

e + u

3 6€ 3 5 ¢
3

I
wlN
@)(‘D)CD/_Q))(‘D)(‘D\

wlnN
>

é 9 | 36 2 .
- ——sin2np - ——cos2np +———sin '
2rp P 2n%p 2 a 2n’p? aw H

- Eeo+

3& 2n

_2¢6 9 3

“38 np? np?
8

2.2

np

c+2l
_} 0 f (x)sm%dx

N@

npxOIX

2 +2I
=3 O (2x- x*)sin
C

Fourier Series 3%
’ 3
é 2 2 20X o
£ g cos npXx o gnPX coS rpxu
——e(2x X )92—3#(2- 2)—3—+(+2) 4
A : i a2pxy  a@pxsl
g e 3 a 8 3 g 8 2 lLJb
_ EeQCOSZFD } (' ?)92 Si nzm + 2(272 Cosz']p lfl
38 2p 2 8np d
2 27 y
=29+0+2 -2 cosa!

38 anp® H
:Eé9+27_27@:i
382np 8rp® 8rb°H m
\ f(x)= +aa cosm+ab
2 n=1 I n=1 I
2mx 3 2npx
3 n-lrp
1
2 C

_o+a

3
34 3. 2npx
\ f(X)=- —sin
() pa_‘1 3 pna;ln 3

cosnx in the

- X8 3
13) If f(x)= 8 : , show that f(x)_E+a

range of (0, 2 p)
Solution : Itisan even function\ b,=0

12 1259 - X6
== af X)dx== dx
a, = o() 0 % 2 5
_lep xu2p
4 &3(- 1,

=-E[(-p) - p°]
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= Lepy=
12p 6
1%
a, =— Of (x)cosnxdx
P o
B .2
=1 ‘MS cos nxdx
P o 2 g
_i}w-xo sinnx_(p - x)eecosnxou egaig£smnx_
P& 2 7 n 2 & 208 n°
=120 _Pp
p2n® n’

\ TheFourier series is

\ f(x)= 0+aa cosnx+ab sinmp x

2 n=1 n=1
:p_+o nxo
1221n
p2 § cosnx
\ f(X
(¥ = 7 6}1 ~

14) Find the fourier Series expansion of cosh ax in(-p p )
Solution : f(x) = cosh ax

1P
=—c‘)coshaxdx
:E')écoshaxd)(_zégnhaxgp
; p&€ a
=isinhap
pa

p
a, -1 (Ocosh ax cos nxdx
P

Fourier Series
2P e"+e™
0

coshxdx

ege cosnxdx+03 cosnxdxu
2p éo

é axaeacosnx+nsinnxc'j+e,

387

a2+’ g & a’+n?

S+e
a2 +n? p g al+n

1

pe 8

1 axaeicosnx+nsmnxo x3ASNNX - acosnxo
p &

2

aeacosnx+ nsinnxgé oamsin0- acos0o

) 8 a? +n? E; & az+n?

1é e*a . e€*a-1)" 1 1 u
=—e7 (D" 7.2 2.2 22U
p éa°+n a‘+n a+n a’+n’y
1a(-1)"
_Ea2(+212(eap_eap)
iea = 22CY ap
" op@ i+
h =0

\ The Fourier series for cosh ax is

¥
\ coshax:%+é a, cosrp

n=1

_ignhpa+a—2a(]) sinhap cosnp
pa p@ +n’)
Exercise

1. Find the half — range Fourier cosine seriesfor f(x) =x in
O<x£p

@

: ,.<P
a SASINNX- acosnx ou

&
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i1l
== X O< x<
2. Provethat f(x)=1|4 %
%4 Jpexst
ge 1 4sm§8£OO
the sine seriesis= = Q—[l (-D"- -smrpx
92rp *
& o

3. Find the half — range Fourier sine series for
f(x) = € intheinterva (0, 1)
4. Find the half — range cosine series for
i X 0<x<2
JOE 2
a- x —<X<a,
1 2

5. Obtain ahalf — range cosine series for f(x) 2x — 1 for 0< x<1.

Hence show that
2
P 1,1,1,
8 1? ¥ %
6. Find aFourier sine seriesfor
%1 O<x<%
a) f(x)=i 1
o Z<x<1
) 2
b) f(X)=x(-x) in 0<x<p

7) Expand f(x) =1-x 2, -1<x < 1 in afourier series.

in (0,2)

8) Obtain the Fourier seriesfor f(x) =¢e*

9) Obtain the Fourier seriesfor f(x) = X% in (-p p)
10) Obtain the Fourier seriesfor f (x) =e *

(N 2001)

(N 2000)

(N 2001)

in (-p,n)

Fourier Series

and hence deduce that cosehx=zé_ (-2131
n

©

11) Provethat in O<x<lI

px, P X

COS—+

x=2. s—+—cos
2 p 8 K3 I

and deduce that

Answers
.\ O 1 _p4 ..y O i:ﬁ
@ (2n-1* 96 i a n* 9

) () =B- 3 ng 1)" - 1fjcosrx

3 f(X)= Zpa e Zgl (-1)"gsinpx

9 x=P_ aizcosnp CcoSNX
3 7N

sinax+ ¢ 2asnhap
1 p(@®+n?)

+é 2asinhap
1 p(@®+n?)

10) e* = (- D" cosnx

(-1)"sinnx

EXERCISE

A. DefineHalf range a) cosine b)sineseries

(A 2001)

('j
0

389
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1. Find the cosine and sine seriesfor f(x) =xin0 £ x £ p and

2
hence show that %: 1 + 1 + 1 +

£ 3 5
2. Obtain the Fourier series for the periodic function f(x) defined
i1-x for -p<x<0
by  f(X) =]
T1+x for 0<x<p
and hence show that p iz i+i+
8 3 5
3. Obtain the Fourier series of f(x) defined by
i x+p— in -p<x£0
fg=i 2
'—- X in O£ x<p

12
4. Prove that the Fourier series expansion of x(p - X) defined in
. . p? écos2x , cos4x . COsbX . U
theinterval (0, p)is —- + +
( p) 6 8 12 22 § H

5. Obtain the Fourier series for the function

% for 0<x<
F= g
1-X for pEx<p
'[ X in O<X<B
6. f(x)= 2
%p-x in B<x<p
, 4ésinx sSin3x = sin5x u
Show that (i) f(x)=— - + -+
R
. p 2écos2x COos6x colex u
i) f(x)==- + +
(i) f(x) = 2 pE 7 = i

Fourier Series 391
i X in 0ExEL
7 109=] P |
p(2- x) in 1£ x£2
in the interval (O, 2) find the Fourier series of f(x)
in (0,1 ) . .
8. If f(x)-, X O i the Fourier series

- 2 in (,2
in(-p,p)
9. Find the haf-range cosine seriesfor sinx in (0, p)
10. Find the half — range sine seriesfor f(x) =2x—1in (0, 1)
11. Find the half — range cosine series for f(x) = ¥ on (0, p)
12. Find the half — range sine series for f(x) = x%in (0, p)
13. Find the Fourier seriesfor f(x) = 1 + x + ¥%in (- p, p)
14. Expressf(x) = 1 + ¥ asaFourier seriesin (0, p)
1% in (-p,0 : :
15. Expand f(x) =j X .|n p.0) asaFourier series
10 in  (0,p)
in(-p.p)
2 ¥ _ n ¥ é _
P’ 4 2D g SV CD WU
6 n=1 n -1é n pn u
for -p<x<O0

i0
16. If f()=1{
1sinx for O0<x<p

1 sinx 24 cos2nx

Prove that —+ —a and hence show that
p 2 paadni-1

1
— —+—-+..==(p-2
_ _ 4(|0 )

prove that
cos3x cosbx

3 5

f(x)-—-co +- ... and hence show that
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111, 5 Aagosx cos3x cosSx =~ O
I1+3for-p£x£o 5. -p?. g2¥0SX, COS3x cosSx O
18, f(X)=| pr & 1 ¥ 5 p
%1-—for O£ X£p 6. géaeﬁ_it__ismﬁp sin2x &’ 493nx+pzsin4x+mt)
" 5 o o p&1 1I'p EERET 4 ¥
Provethat f(x)= 2eCO§X coszx+coszx L4 2 P 4 écosp X cosaox cosH x u
e ¥ 5 2 pfr 7 w7
p
19. For f(x)=|x||n(-p,p),provethat 2% D™ . npx
p 4e COS3X  COS5X 0 8 —a-—— nT
f(x):—-—gcosx+ . P N
2 pé 9 2 0 2 4 & cos2nx
20. For f(x)= xsinxin (-p,p)find the Fourier series and hece 9. p—a -1
n=1
deducethati-i+i-+...:1(p-2) 10 2esm2px S|n2px smﬁpx u
13 35 57 4 58 1 > 3 H
21. Provethat the Half — range fourier sine seriesfor f(x) = p - x ) "
g2 1 P s (- 1)"4cosnx
in(0, p)is aﬁsin nx [2 Marks] : ?nﬂ 2
1
22. Prove that the Half range sine series far f(x) = € in (0, 1) is $ €(-1)"2p [(-D)"- 140
. 2pn g () ©1 12. a__é " + or gsinnx
al+n >[1- (- D"elsinmp x "—162 , ) ¥U .
13. 1+2_3 ('1)24cosrp +a( D2 5
ANSWERS  Sm =
1o, D14 ACDarp)-J0
n= 1 n pn

1 (i)%— %gcosx +3—12c033x +5—12c055x T

B 1 1 N . 20. 1- %cosx— %c032x+%cos3x— %cos4x—
i1)2 zsin x- —sin2x+—sin3x-+...f ' ' '
g 3 : o |
p+2 4él 1 1 d 5.9 Finite Sineand Cosine Transforms
2. > 31 cosx+3 cos3x+5 COSBX +.. H Definitions:  If f(x) is a sectionaly continuous function over
P some finite interva (0, 1) of the variable x, then the finite Fourier

Sine and Cosine Transforms of f(x) over (0, |)are defined by
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|

F(n) = (‘j:sdx where n=1,23, ...

and  F(n)= Of(x)cosg“? Odx where n=1,2,

Intheinterval (O, p) we have
p
F.(n)= (‘)f(x)cosnx dx where n=1,2,3...

and F.(n) = Of(x)cosnden 1,2,.

Using Fourier Sine and Cosine half-range series, the inverse
transformsin the interval (O, I) are given by

f09 =7 a F(n)smgnl) 0

and f(x)——F(0)+ aF(n)cosgm 0
| o

where F,(0) = Of (xpx
0
Inthe interval (0, p), the above result becomes

F(X):ng‘ F.(n)sin nx

n=|

1 23
F(X) :EFC(O) +aa F.(n)cosnx

n=|
p
where F,(0) = Of (xpx

NOTE : If theinterva is not given in the problems, then we have
to take the interval as (0, A).

WORKED EXAMPLES:

Fourier Series 395
(1) Find the finite Fourier sine and cosine transforms of f(x)

=1in (0, p)
Sqution:Given'f(x) =1,in(0,1)= (0, p) ® (@)

We know F.(n) = Of (x)sng'lE

= (‘j.SI n nxdx [using (1)]

p
Cosnxu

e ,
€ n Y
_1- cosp

n
1- (1"

F(n) =

Also, F(0) = oyf (x)Cos 22X Ocix
0 &1 B

= p(‘}C osnxdx [using ()] ® (2

:éSinnxgp
&€ n f

Fn=0ifn=1,23,...

If n=0thenF{0) = p(‘posde [using (2)]

=[x];=
(2) Find the finite Fourier sine and Cosine transforms of f(x) = x
in (O, ).

Solution : We know F,(n) = d:(x)smgenlJ dx
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|
= xS ngm? _dx (using given data)
0

Using Bernoullie' srule, we get
NI

np x . npxoy

E cosPX0 & g X0y
& | g 8 | g
&'p O 251 00) u

&1

() =

@xD> CD>>2D> D> Dy

&|
N
-l
gC\ N

-1 . .
=E[I cosrp - O]+n2—pz[snnp - sin0Q)

= [-1
np

| 2(_ 1)n+l

F(n) = wheren=1,23, ...

|
Now F.(n)= @f(x)cos@dx
0

|
= @xcosg dx (using given data)
0

Using Bernoulli€e' s rule, we get

& sn— g COS——
F(n) =&——-1& — %
¢ '’
g | B
L 2 N
_1e sin XU i Z(f"cosr]OXL»J
p I H, np?& I 1

Fourier Series 397

——(0 0)+ "’ (cosrp cos0)
Fc(n) :nz—pz[(' 1)n - l] wheen=123, ...

Ifn=0, F,(0)= ¢ydx

2

O ©
x

(¢
N
oo

|2

Fc (O) = E

(3) For the function f(x) = x, find the finite Fourier sine and

Cosine transformsin (O, p)

Solution Given: f(x) =x, (0, I) =(0, p) ® (@)
| .

Weknow F,(n) = Of (x)sin ?%de

O g

p
= Oxsinnxdx [using (1)]

0
Using Bernoulli€' s rule, we get
é ze cosnx o ae sinnx ol

F.(n) = =1 =
(n)gxgnz n_éﬂo

=. l[xcosnx]i’J (-sinp =sin0=0)
n

=- E[p cosnp - 0
n

n+l

F.(n) “EDP heen=1,23 ...
n

Also,
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| ..
N apXxo
F.(n) = Of (X)cos -—— ~dx
|
= Oxcosnxdx [usaing (1)]
0
- gxa@n LT cognxQﬂ (using Bernoullie’srule)
e 8 n g 8 n al

F.(n) :iz(cosrp - cos0)
n

F.(n) :n—lz{(- -3

1fn=246,...,F{n) =0
fn=135 ... F(=_2

p

lfn=0, F.,(0)= (‘)(dx

_éx o
821,
2
F.(0) =
(4) Find the finite Fourier sine transform of f(x)= > in (0, 2)
Solution Given: f(x) =%, (0, ) = (0, 2) ® (@]
|
Weknow F,(n) = of (x)sm?Lg
0
2 ..
= &2sin P X0y using (1
Osing—>-2 [using (1)

Using Bernoullie' srule,

Fourier Series 399

2

é 0
§ - cosm - sinM cosmg
F(n) =66 ——2— - (2)—2 +(9) —=2-0
e n’p np” U
& 2 4 8

'Zex COS?ZX%O 3 3(_:.cosgﬂoxza)( sinmp =sin0=0)

np e

(cosmp - cos0)

=_—(4cosnp -0)+ 163
np n’p

8 1. 16 n
F(n)=—(C)"+==I[(1)"- 1

o nd
(5) Find thefinite Fourier sine and Cosine transforms of

f(x) = p-x
Solution : Since the range is not given we shal take the interval
as (0, p)
p
Weknow F,(n) = p - X)sinnxdx(.~ f(x)=p - xandl =p)
Using Bernoulli€’ s rule,
ae Ccosnx o 2 sin nxou

F(n) = e(p- )8 _(1)8 p

:-?[(p - X)cosnx]’ (.- sinrp =sin0=0)

_-1rA.
=— [(0- p)]
Fs(n)=%

p
Also F (n)=cfp - x)cosnxdx
0

Using Bernoullie' srule,
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a§| Nnnx COoSnx dJ
F.(n) = &)mg 9<D§n i

= ;]—z[cosnx]'; (-sinnp =sin0=0)
:%[cosrp - cosq|

F.(n) :n—}@( D" - 1y wheren® Q

p
Whenn=0, F(0)=fp - x)dx

0

2
1!
Uo

I
D@D
X
N | o

N

©

2

p -

N|_°,\,N|

F.(0) =
(6) Find the finite Fourier Sine and Cosine transforms of
f(x) = 2x - x?
Solution : Since the range is not given, we shall take the interval
as(0, p)

Given: f(x)=2x- x%,(0,1)=(0,p) ® (1)
Weknow F,(n) = ;c‘)f (x)sin ?%%x

= pc‘jZX- x*)sin nxdx [using (1)]
Using Bernoullie' s rule,
(=g 2. - 2x)§‘e 2t 2)?05”X$0

Fourier Series
:'_nngX- x2)cosanE - %[cosnp]z

:'—nlg(2p - p?)cosnp - Og'n—?[cosnp]g

___1' _ AYA n‘ﬁ _ n_
—ns(ao p)( l)Hng[( D"-1

F(n=L 1)n+1(§p %) 'n—f[(- D"- 1] wheren=1,2,3, ..

| .

N AP X0
Also F.(n) = ¢ ikl
-(n) 9()()0038| <

= (¥2x - x*)cosnxdx
0
Using Bernoullie'srule,

Fc(n):é(Zx- x2)§ﬂ9_ (2_2)()? 9 (Z)S%SHHXQJ
n @
= 1(2 2x)cosnxd)
&n? 4

iz [(2- X)cos nx]IO

:F[(l- p)cosmp - cos(

wheren! 0

P
If n=0, F,(0)=¢f2x- x*)dx

1
MD:D> D~
CE<I\J
1
w|* o
& s

F.0) =p?- &

401
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7) Show that the finite Fourier sine transform of f(x) =x(p-X) is

% if nisodd and O if nis even.

Solution : Since the range is not given, we shall take the interval
as (0, p)
Given : f(x) =x(p-x), (0, 1) =(0, p) ® (@)

| ..
Weknow F.(n) = ¢f (x)sin g‘%‘?ﬂx
O g

= OX(p - x)sin nxdx [using (1)]

p
= ¢fp X~ X?)sin nxdx
0
Using Bernoullie' s rule,

F(n) = g(p XZ)

a2 cosnx o %SII’]I’]XO %OSI’]XOJ

> (- 20g T (A g

= -—é(p X- XZ)COSHXE{; - 2 [cosnf? (- Sinnx =sin0 = 0)
n n

=_—1[0- 0]- %[cosrp - cos0]
n n
=- 21y -1
n
F(n) ==L (1]
n
If nisodd, F.(n) =n_23[1- (- 1]
F(n=—=
n

If niseven, Fs(n):%[l- =0
n

Fourier Series
Thus, F,(n) =i3 if nisodd and O if nis even.
n
(8) Show that the finite Fourier Cosine transform of
f(x)= gﬁ —9 }
Pe 1P i n=o
T 3
Solution : We shall take the interval as (0, p)
2
Given: f(x)=al- —2 ,(01)=(0,p) ® (@)
€ po
| ..
Weknow F,(n) = of (x)cosaarﬂ?
0 &1 5
p X 62
= (\]zi — = cosnxdx [using (1)]
0 Po

Using Bernoulli€’ s rule,

4 N
=%%_‘[_ lgz(sjnnx)_ &_‘[- lo&e_lg(oosnx) @_12(smnx)l'1
Fc(n) é 0 g . 28 0 gp g n2 +28p2 H—3 HO

n
p
% —_cosnxu( sinnp =sin0=0)
Po th

pn

2

F.(n)=—;
pn

P2 X0
Ifn=0, Fc(0)=02i- 29 6x

403
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AR
'.‘?‘3
| <

o

N
L
ek,

D> (D>
1
w
| Ox,

T x &
Q-
Soc

1
o
BIP O

1
s ol
(=)
1
=

ﬁ©=%

(9) Find the Fourier Cosine transform of f(x) defined by
b1 0<x<2
o= 2
I C<x<
P
Solution : Given (0, I) = (0, p)
| "
Weknow F.(n) = g)f (x)cos 222X Six
9 §1 o
p
= Of (X)cos nxdx
0
p/2 p
= Of (¥)cosnx+ Q) f(x)cosnxdx
0 p/2
p/2 p
= Ql.cosnxdx+ ()(- 1)cosnxdx ® 1
0 p/2

(using given data)
_esinmxi?% esinnx{f

€l &0 ol

Fourier Series 405
lée. apo U 1é npu
==%inn&. 9 o7 =%- sn P Y
& 825 4 ng 28
Fm)=2sn™  fornto ® @
n 2
p/2 p
Whenn=0, F(0)= Qldx+ (- Ddx [using (2)]
0 p/2

=Dl

_ép & pu

“82 0 & 28
F(0)=0 ® ©)
Thus,
][0, for n=0,2,4,6,...
F (n)= (n-1)
) ; -1 %§ for  n=135,...

[Using (2) & (3)]

(20) Find the finite Fourier Cosine transform of the function
11, for O<x£P
(9=t %
T 0, for % <xX<p
Solution : Given: (0, 1) =(0, p)
We know

| .

N AP X0
F.(n) = & -~ o
-(n) P(X)COS%I .

p
= Of (x)cos nxdx
0
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p/2 p (11) Find the finite Fourier Cosine and Sine transforms of the
= Of (¥Ycosnx+ @ f(x)cosnxdx function f(x) = €®in (0, ).
0 P/2 [ ..
p/2 _ . Solution : Weknow F,(n) = of (x)cos@c;)
= Olcosnxdx+ OOcosnxdx (using given data) 0 &1 B
p/2 [ ..
p/z F.(n) =" cosgmﬂ 9dx ® )
= Qcosnxdx ® (@] 0 | o
0 | ax .
e _ €”(acoshx+ bsinbx)
:esinnx‘,pz Using Ooa cosbxdx = D we get
& n HO € 1 &P X0o rp agpxouu
_1é..m 1 éeaxiacos— +— G
=Z&n—- sin0; -é 1 % ! ‘%
n 2 tl F.(n) = a nzpz
~1€&nmpu e SR G
n 2 H € b
|
i 0,if n iseven _ [%a € Crpxu npl a-;npxou
| > 2 ac COS gt 2 2 ée
F.(nN={ o1 C1Pa?+npl & T el W
o) i(-l) %% if nisodd 2 P QH‘J
_ a ml
=————5 & cos®-1 +— sin 0
% 1232 +n2nge H 252 +n2p2$ - H
Ifn=0 F(0)= (cosOdx [using (1)] 123
0 F ( )_m[( 1) - 1] wheren = 1,2,3, .
% when n = 0, we get
= ot-dx
0 F.(n)= c‘jaaxdx [using (1)]
Fc(o) -5 . X
ée™ u
Thus, =&
i €4 b
—_ aI
: % for n=0 E (0)_ -1
F.(n)=i0, n=246,... .
i apXxo
\ -dx
i

"1(-1)@'% for  n=135,... Also, Fs(n)=(‘)f(x)sin8|—
n 0
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P X Q
F.(n) = 03 sm% I ‘_adx

|
o _e™(asinbx - bcosbx)
Using 003 sinbxdx = .

, We get

FPX6 Np  a#PX ouuI

asmglgl 8|g’r“

np? Iu
e bt

Fe(n) =

MDD D> D> D> (D
g
— e ————

a  é aenoxou npl é ap X 6U

AE

=% - 6™ CoS, 2

Ia+npe élﬂla+np2e glgb'o
n al

|a+n2|ozgelcosnlo o

F :—1——1““ heren=123, ...
() I2a2+n2p2[ (-D"e’'l w

(12) Find f(x) in (O, p) given that the finite Fourier Cosine

transform is F_(n) _ cos2m/3)
(2n+1)?
Solution : Intheintervd [ =p, weknow
=7 1 (0)+|2a f (n)cosg”? 0
Herel =p
f(x):plf(0)+ng f.(n)cos nx ® @
n=1
. cos(2p/3)
Given: f.(n)= 2n+ 1
\ f{0)=1

Using thesein (1), we get

Fourier Series 409

1 23 cos(2np/3)

= o & " 2n+ay

cosnx

(23) Find f(x) in (O, p) given that the finite Fourier sine transform

i fs(n):l_ cosrp

np?
Solution : Weknow f (n)—l—a f(n)smg—_ln(o ]
Herel=p

23
f(x)=—a F,(n)sinnx
n=1

f(x)= 35 —(1 COSP) qinmx (Using given data)
P NP°
»1- cosnp =1- (-1)"=0
if niseven and 2 if nis odd.
Using this, we get

2 .

f(x)-— a Sinnx
P nass,... n’p?

4 ésinx  sin3x sin5x+ u

PRl LN LIS

f(x)=

(14) Find f(x) in 0 < x < 4 Given that F(0)=16,
f.(n)=

Solution : Weknow () =+ Lt 0+2 af(n)cosga*l’ in
9

O<x<|

Given: =4

_1 1lsg 3 aarpxo
\ f(x)_4(16)+221—n2p2[( 1" - 1] s8 25

(using given data)
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¥
3 o ZCOS pXo
n=1,35,. n 4 g
_ 3él p 1 a)x 1 P X u
f(x)=4- 5~ C0S— +— C0S—— +—C0S—— +...;
9 p2 &2 4 52 4 H

[NOTE S [f(x)] denote the finite Fourier sine transform of f(x)
and S, tisits inverse.

Similarly C,, [f(x)] denote the finite Fourier Cosine transform of
f(x) and C, tisits inverse]

él-cosmpu 1
= 2x(p - ¥
1- cosnp _ Sel u

n® 82 X)H

(15) Showthat S

Solution : We shal prove that

Herel =p
él u_ "1 .
~— X(p - X);n= O=X(P - X)sin nxdx
Sngz (p )H g (P - x)
1p
== A - X)sin nxdx
29<(IO )

Using Bernoullie' srule,

y \
S & xp- XY

& £

=g O E ”ngp-zx)ge g (2)@%0
_16-(px- x?)cosnx  2cosnx(f

2§ n w4

1é- 2cosnp

26 m n3lé|

Fourier Series
u_1-Cosnp
n82 (p )H n3
él- cosmpu_1

\ St X(p - X

S'e—r P

1ekSln kp U

(16) Show that C, Tara = cosk(p - x) where k! n
Solution: To provethat C_[cosk(p - X)] :kkzs_Lkp
Herel = p.
We know

[cosk(p - X)] = p@:osk(p - X)cos nxdx
:%pc‘jcos(kp - kx+ ) + cos(kp - kx- nx)]dx
=~ Jooskp - (k- 1)k

+%Bcos{kp - (k+n)x}]dx

411

_lgsm[kp—(k—n)x]u 1e5|n[kp (k+n)x]u
28 - (k- n) HO 28 -(k+n) @
2(k- )[SJIn np - sinkp] + 2(k )[ in(-np)- sinkp]

_lésinkp smkpu
“28k-n k+nH
ksmkp

n2

C,[cosk(p - x)] =

eksmkp u

S gy

= cosk(p - x)
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5.12 Finite Sine and Cosine Transforms of Derivatives.
Intheinterval (O, 1) , we prove the following results.

(1) Fsgf“’(X)EI=$Fcéf“"”(X)Ej

(@ F.&tO(0f=(- D" f2)- f<f-1>(o)+|EFS & O 0R
Proof : Fourier finite sine transform is given by

| L.
F&f (8= of ¥ (0sin g2

0 €1 o

Using integration by parts,

s N | o

. €. r-1 L BPXOU M L e-a aaPXxX0
FafOmpg= " (xsing—/—=, - —f " (x)cosg—— =dx

-8 g S8 109 €1 o

= @t sinrp - £ 2(0)sin0y- -2 §F Y (x)cosPX Qo
e 0 < 5

F&f (0 =- ”I—pFC &1V (0§ ® (1

, o -
Alo, F,&f O00f=of ¢ )(x)cos?‘i’_gdx
0

Using integration by parts,

7 sonl | o

, <€ -1 APXOU , M -1 . BPX0
FAf )= af "7 cosg—=, +—f "7 (X)sin g——Zdx

-8 g ST 10 &1 o

=&t ()cosp - f<"1>(0)cosog+”l—IO F,&F Y (0
Fgf O 0= (- D" (1) - £02 (0 +"|';FS &1V (E® (2

[NOTE : Using the above results (1) and (2), we obtain the
following resultsin theinterval (O, 1)]
Usingr =1in (1) and (2), we get

FLgF* (0= IEFC[f(x)] ® @

Fourier Series 413
F.&f "g=[- D" f(1)- f(0)]+$ F[f ()] ®

4
Usingr =2in (1) and (2), we get

F[ 4] :-r‘l—pa[f«x)]

n2

LRl ® @

[Using (4)]
Also, F [ f®X)] =[(- D" &) - f‘(0)1+|£|:s[ FEx)]

Fs[fﬂ(x)]=%[(-1)“f(l)- £(0)]-

F[ 1900] =(- " 1€) - 160)- Z-FIf ()@ (©)using (3]

In the interval (0, p), the above results becomes

F.[f€9)] =-nF[f(x)] ®

FIT€0] =1 )"F@)- fO)]+nFLf(x)] ® (©

F[f®)] =-nl(- 1" f (p) - f(0)]- n2F[f(x)] ® 9

F.[ f®x)] =[(- )" f &p)- f €0)]- W*F[f(x)] ® (10
WORKED EXAMPLES

(17) By employing the finite Fourier Cosine transform, solve the
equation Y&+3Y =€, Y§0) =Y¢p) =0.

Solution: Given: Y¢+3Y =¢e*

Using finite Fourier Cosine transform, we get,
FIY®+3F[Y]=F[e ] ®

In the intervd, (0, 1), we have

F[f®0)] = (- )" f &) - £ ¢0)-
Here (0,1) =(0,p) and Y =1(x)
\ B[yl =(-D"y%p)- y0)- n*F.(y)

n2

- RITO]




414 College Mathematics

Given: Y®0)=Y¢p) =0

\ F[yg=-nF[y] ® @

p
Also, F[e ] = (g * cosnxdx

0

_ ée (- 1cosnx +nsinnx) U
—é

2, 2 u
1°+n Uo

(D:

__— L X P
-1 . N
g cosm - 1

F[e"]- ~ 2@( 1e?-1gfornt 0 ®

Using (2) and (3) |n(1) weget
-n’E[y]+ 3F[y]= 2g( D'e? -1y

(n*- YF,[y]= zabep%
_ﬂwnehn
EM'EZWWT§

Thisis denoted by f(n)forn* 0

_ +( 1)n e
Putn—Oin (4)
-1 1-¢€°
\ 0= 3 3 ® ©

Using inverse Fourier Cosine transform,

y=pl f(0) +p£§ f (n)cosnx

n=1

Fourier Series 415
n~ P

y=—-en)+2f CDe -1

3 P ma (N*+1)(n°- 3
(18) Employing the finite Fourier sine transform, solve the
differential  equation 2y#+y =x* in O£ x£l, given
y(0) =y(l) =0.
Solution : 2y®+ y=x°
Using finite Fourier sine transform, we get

2F [y®+F[y] = F[x’] ® @)
In (O, ), we get
Eﬁqm:iﬂwnwm-um-ﬂEaﬁwn
F[y«ﬂ— “RIC-9"y0)- yO)- ”Zp FJIYI[Y = f(X)] Using
Y(O):Y(I) 0,weget
Fyg =" ® @
AP XO
I -
Also, F @Y= O( smg gdx
Using Bernoulh% rule,
é aemxoo &, mXxo ﬂ(‘_j@l
e ¢ E s  § T, £
ngHex - 2X —+2=————=U
€ =X np np_u
€ | |2 E u
e W
_ | §><ZCO°anu + ZISSé an?JHO
=-—gzcosrp-OE|+ 3|03[cosnp-]]
HH—(W” U ® @

np
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Us ng (2) and (3) in (1), we get,

28T Ry el = EE s B gy
?—ﬁ”p R =~ ERE"
e n+l 2| _1 U 2 S
Fy] = e 33) 1He F_ 3
np np He' 2np g

Using inverse finite Fourier sine transform, we get

8 . npXx
y=a Fs(y)sm?—
n=1

_ ¥ 214 e( 1)n+l 2@ 1) 1Hu
y_a|2—2n2 7 ltlsm
n=1 P g P §

(19) Using the finite Fourier Sine transform, solve the differential
equation y®+ky = x*in 0<x<p given that y(0) = y(p ) = 0 and

k isanonintegral constant.

Solution : Given: y@+ky = x°

Using finite Fourier sine transform,

FLy@+kF [y]= F[X] ® (1)
In(©O, p)

Flyd=-r(-"y(P)- y(0)l- n*F[y]

Using y(0) = y(p ) =0, we get

Flyd=-n’F[y] ® @

p
Also, F[x*] = )¢ sinnxdx
0

Using Bernoullie' srule,

e cosnx sin nx 0S NX aslnnxou
F[XS]_ e 0 3x z& 0 =5 0 6

o 8n2568n3ﬂ8n ﬁ

F

FIxT=(-D" Pes

S!

Fourier Series

[x*] =

_é-p’cosnp

R

’ P
é- x’cosnx . 6x cosnx U

e
(S

nSH

n

+ 6p cosmp U

é6
‘IOCOSFIOS

€6

-’ E[y]+ kF[y] =

y=

\ FJlyl]

Using inverse finite Fourier sine transform, we get

n° H
p’ U

nf

piu
nt
Using (2) and (3) in (1) we get

-D'p—7—

(6n

_(-9"p(6-n’p

)

n*(k- n?)

23
:Ea F.(y)sinnx

n=1

23

n=1

(k-n

“n’

¢ (-1)(6-p°n

)

sin nx

)

® (3

® 4

417
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_P
EXERCISES ®) Flm=1
1. Find the finite Fourier Sine transforms of the following 1- cos 2
@ xin (0, 1) © F(m=="22® h=123...F0)=2
(b) 2xin (0, 2 n 2
(© ax—xin (0, a) @ F(=Ln=123..F@©=L
(d) cos x 2n 3
(e) * 10. If kisaconstant and 0 < x < |, then prove that
2. Find the finite Fourier Cosine transforms of the following
(@) ¥ in (0, 1) C'lé K?  U_ coshk(l - k)
(b) x@3-x)in(0,3) " &2A%+np2Yd  snhal
(o 1- g in (0, 8 11. Solve the following differential equations.
—_ A 2X H — —
3. Find the Fourier Cosine transform of the function . (a)_ _y?r’ 2y—_ €”,0ExEp, gven y§0)=y4p)=0
] _ D using Fourier finite Cosine transform.
(oo fP X I 0x<hy ) y& y= sinx in 0EXEP gven y(0)=y(p)=0
% X in %<x<p using Fourier finite Sinetrgr;sfo;m.
¢ v =e’| i = = |
4. Find the Fourier Cosine transform of the function (© y®y =e’in XEP . given y(0)=y(p) =0 using

Fourier finite Sine transform.
(d) 2y¢+y=sinx in OEXEp, given y(0)=y(p)=0
using Fourier finite Sine transform.

jlin 0<x<1

f(x)=
9 %0in1<x<2

n+l
5. Show that the Finite Fourier Sine transform of X is (G (e) y®+ y:sing, 0<x<p given y§0)=y§p)=0 using
p n
6. Show that the finite Fourier Sine transform of f(x) =e™ in Fourier finite Cosine transform.
H n n+l Jax
Op) is ———[1+(-1"e"]
7. Find the finite Fourier Sine transform of . ANSWERS
(i) sin ax and (ii) cos ax. 1 @ (-1 ®) 4
8. Find the finite Fourier Cosine transform of sin ax. np np
9. Find f(x) in (O, iven. - (- D™M253
(x)in (O,p) 9 © {1- (- D"} 2a (@ 0forn=1ad
(a) = _1- cosnp n3p3
sy — .3 n+1:
n {1- (- 1) n n n -
= 2 forn=23,4,....(€ 1- (-D"e®
po @ 177l (-1’
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@ 2 0 LY
np np?
(C) [(' 1)2 'zl]a
n

1+(-1)" 2 o

- —C0sS—
n? n’ 2
isinm
m 2
10 if nt a,aisaninteger and n=1,23,...
i) F(m=ip o
- in N =a,nisapositiveinteger.
(i) F.(n) = n[1+ (- 1) czosap]
n’- a
i0 if n' a niseven
F(M={ 2a .
1 if nt nisodd
ta?- n? &
¥
@ —a a“ﬂ?smnp (b) 25 Lenmx
p n=lg n (%] n=1
p Zgaelcosrpo 1 4 1 .
(© E+p—§lg smrp (d) §+§1annx
1- e2X 44 ( H"e > -
= ———— COSNX
@ ¥ A s
_-p2 4"
(b) y= snx+ a —23|nnx
n=2,4,6,.. ( l)
23 [(-D)"€ - 1]

Y= a iy

Fourier Series

¥ ..
d y=2 3§ el , 1 9sinnx

n=L35,... 82n n’- 4g

1

(are- 1) (e +1)

2 43
e y=—-—
© ppa:

421



