VIJAYA COLLEGE
RY ROAD, BASAVANAGUDI
BANGALORE - 04

BRIDGE COURSE FOR | SEMESTER STUDENTS OF B.Sc
DEPARTMENT OF MATHEMATICS



Department of Mathematics(UG), Vijaya College,RV Road, Bangalore-560004

RECAPITULATION OF BASIC CONCEPTS

We recapitulate several basic concepts, formulae and results which are
necessary for the future study in Mathematics.

» ALGEBRA

» SOME BASIC ALGEBRAIC FORMULAE:
1.(a+ b)?> = a + 2ab+ b? .

2.(a-b)?=a?- 2ab+ b? .
3.(a+b)P=a®+Db+3ab(a+bh).
4.(a—b)*=a’-Db* - 3ab(a-b).

5.(a+b+c)>=a?+ b?+ c? +2ab+2bc +2ca.

6.(a+ b+ c)® =ad+ b® + ¢ +3a%b+3a%c + 3b%c +3b%a +3c?a +3c?b+6abc.
7.22—b%?=(a+b)@a—b).
8.a°—b3=(a-b) (@ +ab+b?).
9.a° + b® = (a + b) (a2 — ab+ b?).
10.(a + b)? — (a - b)? = 4ab.
11.(a+b)? + @—hb)? =2(a® + b?).

12.1fa+ b +c =0, then a® + b® + ¢® = 3abc
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» Theory of indices
The word ‘indices’ is the plural form of the word ‘index’. In a™ , m is
called the index and a is called the base. a™ is called a power of a and it
obeys the following rules known as the laws of indices.

m
(i) a™.am = a™*, (i) S = g™, (i) (@) = @™, (iv) e =

V)a® =1 (vi) ¥ a (i.e., nthrootof a) =an (vii)a™ = a™
then m =n.

» Logarithms
If a* = y, then we say that the logarithm of y to the base a is x and is
written as log, y = x. If the base is 10,the logarithm is called as the
common logarithm and if the base is ‘e’ (known as the exponential constant
whose value is approximately2.70 the logarithm is called as the natural
logarithm.

Properties of logarithms
(i) log, mn = log, m + log, n, (ii) loga% = log, m — log, n, (iii)
1

loga a = 1’ (|V) loga 1=0 (V) loga mh = nloga m, (VI) logb a= log, b ;
logy x
logy a’

NOTE: log x means log, x. (natural logarithm)

log, x = k being a new base.

» Theory of equations
The quadratic equation ax? + bx + ¢ = 0, the values of x satisfying the
equation are called as the roots or zeroes of the equation.
We have the formula for the roots of the above quadratic equation given by
X = —b+yp2-*ac

2a
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Properties:

(i) Sum of the roots =_b/a and product of the roots = ¢/,
(i) if b2 — 4ac is >0, the roots are real and distinct.
=0, the roots are real and coincident.

<0, the roots are imaginary and we denote i = v—1 or
Square roots of unity: -1 and 1 are square roots of unity.

are cube roots of unity.

—1+iv3 —1-i/3
Cube roots of unity:1, co:%, o’ :—\/_

2
l+o+ow°=0and ®° =1

where

Fourth roots of unity: -1, 1,1, -i are fourth roots of unity

Method of synthetic division
This method is useful in finding the roots of some equations which are of

degree greater than 2. The method is illustrated through examples.

Example 1: Solve: x3 + 6x? + 11x + 6 =0

>> We have to first find a root by inspection which is done by taking value 1,
-1, 2, -2 etc. for x and identify the value which satisfies the equation. In this
example, putting x =-1

weget—1+6-11+6=0.. x=-1is aroot by inspection. We then proceed
as follows to find the remaining roots.

111 6 11 6 - All the coefficient are written.
0 -1 -5 -6 —>zero to be written bellow first coefficient & added
15 6 0 —>Resultant to be multiplied with the root -1 and added
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The existing figures 1, 5, 6 are to be associated with the quadratic: 1.x2 +
5x+6=00or(x+2)(x+3)=0->x= —-2,-3.Thusx =-1,—-2 — 3.
are the roots of the given equation.

Example 2 : Solve: x3 —5x2+4 =0
>> x = 1is a root by inspection. Next we have as follows.

111 -5 0 4
01 -4 -4 L x?—4x—4=0

14 -4 0
By the quadratic formula

x = SCORMEE_ VR _ o 4 )

Thus 1, 2(1 + +/2) are the roots of the given equation.

» Progressions
(i) The sequence a,a +d,a + 2d...... is called as the Arithmetic
Progression (A.P) whose general terms or the nth term is given by u,, = a +

(n — 1)d and sum to n terms is given by s,, = %[Za + (n — 1)d] where ‘a’

1s the first term and ‘d’ is the common difference.

(ii) The sequence a, ar,ar? ... ... is called as the geometric Progression

(G.P) whose general term is given by ar™~! and sum to n term is given by
Sy = a(i:: Jors, = a(:_;l) according as r<1orr>1 where ‘a’ is the first

term and ‘r’ is the common ratio. Also sum to infinity of this geometric
series when r <1 is a/(1-r).

(iii) The sequence l,i, L. .. is called as the Harmonic
a a+d a+2d
Progression (H.P) whose general term is given by m . In other words

a sequence is said to be an H.P if its reciprocals are in A.P.

(iv) Ifa,A barein A.P;a, G,Barein G.Pand a, H, b are in H.P then A, G,
H are respectively called as the Arithmetic Mean (A.M), Geometric Mean
(G.M), Harmonic Mean (H.M) beteew a and b. Their value are as follows.
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a+b 2ab
A=T,G= ab,H=m.
» Mathematical Induction
This is a process of establishing certain results valid for positive integral
values of n. In this process we first verify the result when n=1 and then
assume the result to be true for some positive integer k. Later we prove the
result for n=k+1. The following results established by the principle of

mathematics induction will be useful.

(i) 14243 +4+.......... tn=3n-= "<"2+1>

(i) 12 + 22 + 3% 4 o . 4n? = Y2 = ZEDED)
2 2

(i) 13 + 23 4+ 33 + ... 403 = ¥ 3 = 20D

4

» Combinations
The notation ™C,. means, the number of combinations of n things taken r at a
time. That is selecting r things out of n things which is equivalent to
rejecting (n-r) things.
=~ "C.="C,_, where n>r

The notation n! read as factorial n means the product of first n natural
numbers.
e, n!=1234.....(n—1)(n). It may be noted that 0! = 1

n!

We also have the formula: ™C, = nc.+ "C,_, = "¢,

ri(n-r)!’
In particular, it is convenient to remember that "C, =1, "C; =n, "C, =
nn-1)
21’
nC3 - w EtC

3!

We also have the binomial theorem for a positive integer n given by
(x+a)*=x"+ "C,x"ta+ "Cx"%a%+ - ..+ a®

(x-a)"=x" - nCy x" a + nC, x"2 a2- nCs x"3 a3 +------------ + (-1)'nC, a".

6
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» Matrices
A matrix is a rectangular arrangement of elements enclosed in a square or a
round bracket. If a matrix has m rows and columns then the order of the
matrix is said to be m x n and in particular if m = n the matrix is called a
square matrix of order n.
The transpose of a matrix A is the matrix obtained by interchanging their
rows and columns and is usually denoted by A’. Also a square matrix A is
said to be symmetric if A = A" and skew symmetric if A = —A'.
A square matrix having only non zero elements in its principal diagonal and
zero elsewhere is called a diagonal matrix. In particular if the non zero
elements are equal to 1, the matrix is called an identity matrix or unit matrix
denoted by I .A matrix having all its elements equal to zero is called a null

matrix or zero matrix.

a 0 a 0 O
Example 1:[ ]; 0 b 0] are diagonal matrices.
0 b
0 0 c
1 0 1 0 O
Example 2: I = ]; 0 1 0] are identity matrices.
0 1 0 0 1

Two matrices of the same order can be added or subtracted by adding or
subtracting the corresponding elements. If Ais any matrix and Kk is a constant
then the matrix kA4 is the matrix obtained by multiplying every element of

A by k.

The product of two matrices A and B can be found, if A is of order m x n
and B is of order n x p.

The product AB will be a matrix of order m x p obtained by multiplying and
adding the row element of A with the corresponding column elements of B.

GG G
dy dz]
€1 €

A is of order 2x3, B is of order 3x2 .. AB is of order 2x2
(aicq + ay,dy + aze;) (aqcy, +ay,d, + asey)
(bicy + bydy + bse;) (bic, + byd, + bsey)

a a a
Example 1: Let A = [bi bj b:] B =

Now AB = [
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If A and B are two square matrices such that AB = I, then B is called as the
inverse of A denoted by A™1. Thus AA™! = A"1A =1

» Determinants
The determinant is denoted for a square matrix A. It is usually denoted by
|A| and will represent a single value on expansion as follows.

|(cl Z| = ad — bc.

9 % 4 b, b b. b b, b

bl bZ b3 — al CZ C3 _ a2 Cl C3 + a3 Cl CZ

Cl C2 C3 2 3 1 3 1 2
e, = a, (byc3 — b3cy) — ay (bics — bscy) +

az (byc; — bycy)

Important properties of determinants
(i) The determinant can be expanded through any row or column as above
keeping in mind the sings +, —, +, — etc. as we move from one element to
the other starting from the first row or column.

(ii) The value of the determinant remains unaltered if the rows and columns
are interchanged.

(iii) The value of the determinant is zero if any two rows or columns are
identical or proportional.

(iv) The property of common factors is presented below.

ka, ka, a2| |kay  a;

_ k|a1 ! a2|
b1 bz o bl b2 ’ kbl bz

=k|p, b,

Determinant method to solve a system of equations ( Cramer’s rule )
Consider, ax+ay+asz =k

bix + b,y + b3z =k,

C1X + oy + 3z = k3
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ki a, as a; ki a; a, a, kg

Let A,=|ky by b3|,Ay=|by ky b3|,A,=|by by kil & A=
ks ¢, c3 c; ks c3 €1 Cp ks

a a as

b, b, bs‘.

€1 € (3

Thenx=%",y=%,z=%. Here A is the coefficient determinant and

Ay, Ay, A, are the determinants obtained by replacing the coefficient of x ,y
,Z respectively with that of constants in the R.H.S of the given equations.

Rule of cross multiplication
If, ax+ay+azz=0
bix + b,y + b3z =0
X

Then the proportionate values of X, Y, z ie., X: y: z are given by az—a3| =

a, as; - |ap Az
b,y b3| by b2|

» Partial fractions
This is a method employed to convert an algebraic fraction f(x)/g(x) into a

sum. The basic
requirement is that the degree of the numerator must be less than the degree
of the denominator , in which case the fraction is said to be a proper fraction.

If f (x)/ 9(x) Is proper fraction we factorize g(x) and resolve into partial

fractions appropriately which is based on the nature of the factors present in
the denominator.

We have the following cases.
f(x) A B c

[ = :
(1) (x-a)(x=B)(x-y)  (x-a) + (x=P) + (x=v)
.. ) A B c
| = .
(i) (x-a)?(x-B)  (x-a) * (x—a)? + (x=P)
(III) f(x) A Bx+c

(x—a)(px2+qx+1) - (x—a) (px2+qx+1)’
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Where (px? + gx + r)is a non factorizable quadratic and A ,B, C are all consants
to be found by first simplifying R.H.S taking L.C.M. Later we take convenient
values for x to obtain A, B ,C constants A, B, C can also be evaluated by comparing
the coefficient of various powers of x in L.H.S and R.H.S.

If f(x)/g(x) is an improper fraction [degree of f(x) = degree of g(x)]

we divide and rewrite using the known concept that,

f(x) ( tient) + Remainder N F(x)
glx) Quotien Divisor G(x)
F(x) . .
Here ) will be a proper fraction .

NOTE: It is important to note that if needed a non factorizable quadratic
(px? + qx + r) can be factorized involving constants like a + ib or a + Vb
(in the factors0. Which being the roots of (px? + gx + r)=0.

Observe the following.

(i) (x2 + 25) = (x + 5i)(x — 5i)

(i) (x2 = 5) = (x +/5) (x —V5)

(iii)(x% — 2x — 1) = (x — 1 + V2) Here (1 £ V/2) are the roots of
(x2=2x—-1)=0.

Following results are useful

) f(x) _ 1 (f(a)_f(b)]
(x—a)(x—-b) a-bix—-a x-b

ii) 1 :1(1_1)”0 1 :1(1_1)
(x—a)(x-b) a-blx-a x-b (x> -a®)(x*-b?) a’-b* x*-a®> x*-b’

s TRIGONOMETRY

Area of a sector of a circle = %rze.

Arc length, S= r 6.

10
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» Trigonometric ratios
Let ABC be a right angled triangle and let ACB = 6. The side AB is called
as the opposite side of 8, BC is the adjacent side and AC is the hypotenuse.

The six trigonometric ratios are defined as follows.
A

c£D B

) AB BC AB AC AC AC
Sin@ = — cosf = — tanB = — cosecl = — secl = — coth =—
AC AC BC AB BC AB

(The expanded form of these are respectively sine, cosine, tangent, cosecant,
secant and cotangent,)

Inter relations:

. 1 1 1 sinf
sinf = : cos0 = — tanf = —; tanf = .
cosect secl cotf cos@
1 1 1 cos@
cosecd = — ; secO = rcotl = © cotf =
sin@ cos@ tanf secO
Identities:

(i) sin%0 + cos?0 =1
(ii)1+tan?0 = sec?0

(iii) 1+cot?6 = cosec?8

» Radian measure: mradians = 180° (Degrees can be converted into
radians and vice-versa).

Example 1: 45° = 45 X — = Zradians
180 4

2m 2Xx180

Example 2: 5 = = 120°

11
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Trigonometric ratios for certain standard angles

6 |0° 30° 45° 60° 90° 180° | 360° |[15° 750
(n/6)| (m/4) | (w/3) | (w/2) | (m) | (2m) (/12) | (57/12)
sin@ | 0| 1/2 | 1/3/2 | V/3/2 1 0 0 Vv3—1| V3+1
2V2 2V2
cosf | 1|v3/2| 1/2 | 1/2 0 -1 1 |V3+1|+3-1
2V2 2V2
tand | 0 | 1//3 1 V3 o0 0 0 V3—11]+V3+1
V3+1 | V3-1

cot, sec, cosecO are respectively the reciprocals of tan8, cos6, sin6.

> Allied angles

Trigonometrical ratios of 90 + 6,180 + 0,270 + 6,360 + 6 in terms of
those of Acan be found easily by the following rule knownas A -S-T -C

rule.

(i) When the angle is 90 + 6 or 270 + 6 the trigonometrical ratio changes

from sine to cosine and vice-versa. Also ‘tan’ & ‘cot’, ‘sec’ & ‘cosec’.

(if) When the angle is 180 + 6,360 + 6 the trigonometrical ratio remains
the same... i.e, sin—=>Sin, COS—>COS etc.
(iii) In each case the sign + or — is premultiplied by the A —-S —T —C quadrant

rule.
S A
I1 (90° — 180°) | 1(0° —90°)
T C

111 (180° — 270°)

IV (270° — 360°)

. All ratios are +ve in the | quadrant.
: ‘Sin’ is + ve in the II quadrant.
: ‘Tan’ is + ve in the III quadrant.

: ‘Cos’ is + ve in IV quadrant.

12
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NOTE: sin(—6) = —sinf ,cos(—0) = cos0, sin(n2m + 6) = sinf ,cos(n2m +
6) = cos6

Example 1: sin(90° — 6) = cos8, cos(90° + 0) = —sind
sin(180 — 0) = sin#, tan(180 + 0) = tané.

Example 2: sin(135°) = sin(90° + 45°) = cos45° = 1//2
tan(315°%) = tan(270° + 45°) = —cot45° = —1
c0s(225%) = cos(180° + 45°) = —cos45° = —1/+/2

sin(750°) = sin(2 X 360° + 30°) = sin30° = 1/2

» Compound angle formulae
(i) sin(A + B) = sinA cosB + cosA sinB
Sin(A — B) = sinA cosB — cosA sinB
(ii) cos(A + B) = cosA cosB — sinA sinB
cos(A — B) = cosAcos B + sinA sinB

(iii) tan(4 + B) = -2
1-tanAtanB

tanA—-tanB
1+tanAtanB

Tan(4A — B) =

Formulae to convert a product into sum or difference
(iv) sinA cosB = % [sin(4 + B) + sin(A — B)]

[sin(4 + B) — sin(A — B)]
[cos(A + B) + cos(A — B)]
(vii) sinA sinB = —% [cos(A + B) — cos(A — B)]

(V) cosA sinB =

N | =

(vi) cosA cosB =

N |-

13
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Particular cases of formulae

. 2tanA . 2tanA/2
We have, sin24 = or Sind = _2tand/2_
1+tan2A 1+tan2A/2
1-tan?4 1-tan?4/2
CO0S2A = or C0SA = ——
1+tan2A 1+tan2A/2

sin2A = 2sinAcosA

sinA = 2sin(A/2)cos(A4/2)
cos2A = cos?A — sin®*A

cos2A = 1 — 2sin?A

cos2A = 2cos*A —1

cosA = cos?(A/2) — sin?(A/2)
cosA =1—2sin? A/?2

cosA = 2cos?A/2 -1

2tan A
tan 2A =1-tan’ A ,
tand = 2tanA/?2
1-tan2A4/2

sin3A = 3sinA — 4sin3A
cos3A = 4cos3A — 3cosA

3tanA—tan®* A
tan 3A= 1-3tan’A

Almost used formulae in problem:

1+ cos 2A =2c0s’ A gr cos® A :%(1+ C0S2A).

1- cos 2A = 2sin’ Aoy sin? A=%(1—cosZA),

1 + sin 2A=(sin A + cos A)’ and 1- sin 2A=(cos A —sin A)’=(sin A —cos A)?,

14
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Formulae to convert a sum or difference into a product

o . . C+D c-D
(i) sinC + sinD = ZSlTlT oS —

oy . C+D . C-D
(if) sinC — sinD = ZCOST sin—-—

C+D c-D
(iii) cosC + cosD = ZCOST oS ——

: . C+D _, C-D
(iv) cosC — cosD = —ZSlTLT Sin——

> Relation between the sides and angles of a triangle
In any triangle ABC a, b ,c respectively denotes the sides AC, CA, AB.

These three sides along with angles 4, B, C from the six elements of the
triangle. We give two important formulae relating these elements.

(i) Sine formula: If ABC is a triangle inscribed in a circle then ﬁ =

b . . .
~_ = _"_ = 2r,r being the circum radius.
sinB sinC

(ii) Cosine formula : In any triangle ABC, a? = b? + ¢ — 2bc cosA;
b? = c? + a? — 2ac cosB; c¢? = a? + b? — 2ab cosC.

(iii)Projection Rule: a = b cosC +c cosB
b =c cosA +a cosC

c =acosB +b cosA

(iv)Tangents Rule: tan ( B- C] = Ecot(éj :
2 b+c 2

15
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Half angle formulae:

sin(éj= [6=b)s=c) COS( jz s(s—a) tan[é]: [6-b)s—0)

2 bc bc 2 s(s—a)
sin(Ej: [-a)s-9) COS( j: s-b) tan(E]: [c-a)s-0)
2 ac ac 2 S(S—b)
Sin(gjz [s-a)s-b) COS(E} s(6-0) tan(Ej: G-2a)s—b)
2 ab 2 ab 2 s(s—c)

Area of triangle ABC = \/s(s—a)(s—b)(s—c), where2s=a+ b +C.

Area of triangle ABC = %bcsinA:%acsin B =%absinc :

In any triangle ABC, we have

1. sin2A + sin2B + sin2C = 4sinAsinBsinC

2. Sin2A + sin2B - sin2C = 4cosAcosBsinC

3. C0s2A + c0s2B + c0s2C = -1- 4cosAcosBcosC
4. c0s2A + c0s2B - cos2C = 1- 4sinAsinBcosC

Inverse Trigonometric functions:

Function Domain Range

16
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y = sinx
y = cosx
y = tan'x
y = cotx
y = seclx
y = cosecx

-1<x<1

Xx<-1lorx>1

Xx<-1lorx>1

|
Ny
IN
<
IA
NN

o
IA
<
IA
D

|
Ny
IN
<
IN
NN

O<y<rm

OSys;z,excepty;t%

T T
——<y<— excepty=0
5 y 5 pty

General Solution of Trignometric Equations:

1.Sine =k, where -1<k <1
Sine=sina, where k =sina

Gen. solun. is

O=nz+(-1)"x

2.co0s 0 =k, where -1<k <1
C0S 0 =coSa, where k =sina

Gen. solun. is

O0=2nr*+«o

3.tan 0 = k, where -« <k <

17
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tan 6 = tana , where k = tana

O=nNr+ao

Gen. solun. is where n € Z

All the casesn =0, 1, 2, 3, 4,---

s COMPLEX TRIGONOMETRY

> A number of the from z = x + iy where x, y are real numbers and i = vV—1
or i = —1 is called a complex number in the Cartesian form x is called the
real part of z and vy is called imaginary part of z. Z = x — iy is called the
complex conjugate of z.

Polar form of z = x + iy: The point (X, y) is plotted in the XOY plane and
let OP=r, PM is drawn perpendicular onto the x — axis.

AY P(X,y)

v

From the figure OM=x, PM =Y, POM = 6

Further cos@ = % ,Sinf = % I.e., x =1 cosf,y = r siné.

Squaring & adding : x% + y% =r2or r = \/x2 + y2

Dividing : tanf = y/x or 8 = tan"1(y/x).

z=x+ 1y =r(cosf + i sin0) is called as the polar form of z. further it
may be noted that e‘® = cos@ + i sin6. thus z = re'? is the polar form of z
where r 1s called the ‘modulus’ of z and 6 is called the ‘amplitude’ or
‘argument of z. Symbolically we have,

r=|z| =x?+y2;0 =ampz=argz=tan"ly/x.

18



Department of Mathematics(UG), Vijaya College,RV Road, Bangalore-560004

Also we have e™? = cos@ — i sinf and hence we can write, e!? + e~ =
2cos6 and
et? — e = 2i sinéd.

» De-Moivre’s Theorem : If n is a rational number ( positive or negative
integer ,fraction) then (cosf + i sinf)™ = cosnf + i sinnf.

» Expansion of sin™x, cos™x, sin™xcos™x where m, n are positive
integers

The method is explained through two examples as it becomes easy to grasp
the procedure involved.
Example 1: To expand cos®x

>> | et t = cosx +isinx s t" =cosnx +
[ sinnx
1 .. 1

Also - = cosx — isinx S = COSNX —
[ sinnx
Adding and subtracting these we get,
t+%= 2C0SX ... ... ... (1) t—%z 2isinx .......(2)
t" + tin = 2cosnx ... ... (3)

1

t”—t—nz 2isinnx ... ... (4)
NOTE : Forming equation (1) to(4) is a common step in all the expansions
mentioned.

To expand cos®x, we need to rise (1) to the power 6 and write it in the form

(2 cosx)® = (t + %)6

Expanding R.H.S by the binomial theorem we have,

1 1 1 1 1 1
2°cos®x = t°® + 6Clt5-?+ 6C2t4-t_2+ 6C3t3-t—3+ 6C4t2.t—4+ 6C5t.t—5+t—6

19
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6, _ 6. _ . 6. _ 6, _6X5 _ .. 6
But Cs= €, =6; cy= CZ_E_15’ C3

1 1 1
~ 2%cos®x = (t6 + —6> +6 (t4 + —4> + 15 (tz + —2) + 20
t t t
Using equation (3) in the R.H.S by taking n =6, 4, 2 we have,

2%c0s%x = 2 cos 6x + 6(2 cos4x) + 15 (2cos2x) + 20

1
-~ cos®x = 25 (cos6x + 6 cos4x + 15cos2x + 10)

Example 2: To expand sin®x cos?x

>> Rise (2) to the power 5, (1) to the power 2 and multiply.

2

~ (2isinx)*(2cosx)* = <t - l)5 <t T l)

t t
i.e., (2%i°sin°x)(2%cos?x) = (ts — 5C1t4.% + 562t3.t12 — 5Cgtz.ti3 +
5 1 1 5 1
Ct i) x (24 5+2)
Here i°=i?xi?xi=—-1x-1Xi=1i
5., _ 5. _ 5. _ 5, _ 5X4
But ’c,= ’c; =5, ’c3= cz_m_lo.

Thus we have, 27isin’>xcos’x = (t7 — ti7) -3 (t5 _ tis) n (t3 _ i) e (t _ %)

Using (4) in the R.H.S by taking n=7, 5, 3 and 1 we have

Sxcos?x = 2isin7x—3(2i sin5x) + 2isin3x + 5 (2i sinx)

27isin
Dividing by 2i throughout we get,

5

- sin®xcos*x = 25 (sin7x — 3 sin 5x + sin 3x + 5 sinx)

“» HYPERBOLIC FUNCTIONS

20



Department of Mathematics(UG), Vijaya College,RV Road, Bangalore-560004

We have already said that ‘e’ whose value is approximately 2.7 is called the
exponential constant. Further if log, y = x then y = e* is called the
exponential function. Hyperbolic function are defined in terms of
exponential functions as follows.

X —-X

Sine hyperbolic of x = sinhx = =—
Cosine hyperbolic of x = coshx = exze_x
Also, tanhx = sinh x :cothx = LI C(_)th
coshx tanh x sinh x
1
hx = ; hx =
Secx cosh x cosech sinh x
Important hyperbolic identities
(i) cosh?0 — sinh?0 = 1 (iv) sinh?0 + cosh?8 = cosh 26
(i) 1+tan?0 = sec?0 (v)2 sinh 8 cosh @ = sinh 20

(iii) 1+cot?6 = cosec?8

Relationship between trigonometric and hyperbolic functions

X e—lx eLX+e—lx

— &cosx =

We have sinx = 2 >

—eX x_ - X
Now Sll’l(lx) = ¢ Zie — (_1) (e Zf ): ize 2?

—-X

eX—e~
2

I.e., sin(ix) =1i. ~ sin(ix) = isinhx
—-X X

e e .
= coshx - cosix = coshx

Also cos(ix) =

From these we can deduce the remaining four relations in respect of tan(ix), cot(ix)
sec(ix) & cosec(ix).

¢+ Calculus
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» Function
Let x and y be two variables which take only real values. If there is a relation
between x and y such that for a given x it is possible to find a corresponding
value of y, then y is said to be a function of x which is symbolically
represented as y = f(x). This means that y depends on x. x is called the
independent variable and y is called the dependent variable.

For example y = f(x) = 3x +1 means that y is a function of x.

If Xx = 0theny =1f(0) = 3x0+1 =1,

If x =2,y =1(2) =3x2 +1 =7 etc.

For every x we get only one corresponding value of y. Such a function is
called a single valued function.

Now consider the Example: y2 = x2 4+ 4 ory = +Vx2 + 4
When x=0,y=++/4 ie.,,y=+2o0ry=-2

When x=1,y=++/5Sie,y=+/50ry=-/5 etc.

For every x we get more than one of y.

Such a function is called a many valued function.

Further if y = 3x+1 theny -1=3x or x = § (y-1).

Also in the case of y2 = x2 + 4we have x2 = y2 — 4 or x = +,/y%2 — 4.
It should be observed that in these two examples we have expressed X in
terms of y and such a function is called an inverse function symbolically
represent as X = £ ~1(y) read as, x is equal to f inverse y.

fIf71()] = x = f1[f(x)]. Observe the following functions and their
corresponding inverse function.

(i) siny =xory =sin"1 x

(i) tany = xory =tan" ' x

(iii) coshy = x or y = cosh™'x

(iv)log,y =xory =e*

It may be noted that sin(sin~! x), tan" ! (tanx) = x,log(e¥) = x = e!09*
etc.
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> Limits

Consider y = f(x) and when x =a, y = f(a). sometimes f(a) assumes forms
Iikeg 2 ,00 — 00,09, 1% etc which are all undefined, In mathematics these
are called indeterminate forms.

x%-1
Observe the example y = —
When x = 1y = 2 which is undefined.
We can rewrite y in the form, y = %

Suppose x # 1we can cancel the factors (x-1).

- When x = 1,y:%andwhenx7$ 1, y=x+1.

Instead of taking x =1 we shall give values for x which are very near to 1
(little less than 1 or little more than 1) and tabulate them:

X 0.9 0.99 0.999 1.1 1.01 1.001
y= 1.9 1.99 1.999 2.1 2.01 2001 | ......
x+1

From the table it can be observed that when the value of x is little less or
more than 1, the value of y is little less or more than 2. But y has no value
when x = 1. This is equivalent to saying that then when x is closer and closer
to 1, y is closer and closer to 2. In other words we say that the limit of y as x
tends to 1 is equal to 2 and is symbolically represented as follows

x2-1

=2

limy =2 orlim

x—1 x-1 x—1

Also ify = % it is obvious that as x increases y decreases and this can be

represented in the limit form as lim 1=0

X—00 X

The following are some of the established standard limits.

- x"—a™ N1 w: .
(i) lim ( ) = na™" ", nis any rational number

xX—a xX—a
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sinx
(i) Iim——=1
x-0 X
tanx

=1

(i) lim

x-0 X
0 i (1+ D) -

(v) lim x¥/* =1

X— 00

(V|)11m(1 + x) Yx = or lim (1 + )x =e

X— 00

Simple illustrations

Example 1 11mx— thisis in the form.
xX—2 -
= lim = = 5 x 2571 = 80, using (i)
x—2 X—2
0
Example 2: lim 222 2 form
x>0 sinbx 0
sinax (stnax) axi a
o) _ -
- hm smbx }Cl_{% b(sinbx) ~ bx1 ; by using (”)
x bx
. 3n+4
Example 3:lim — ....= form
n—oo SN+ 0

: n(3+i) 340 3 1
= lim e = == w=—>0asn - oo
n—oo n(5+£) 540 5 n

> Differentiation

Let y = f(x) be a continuous explicit function of x. Any change in x result in

a corresponding change in y. Let x change to x + 0x and let the
corresponding change in y be y + dy. 0x, 0y are respectively called the
increments in x, y.

= we have y = f(x) and y + dy = f(x + 0x)

Also y +0y —y = f(x +6x) —f(X)
ie., oy = f(x+8x) —f(x)

Then hm = lim w

Sx— Sx 6x—0

when exists is called as the differential

coefficient or the derivative of y with respect to x (w.r.t.x) and is denoted by

% or f'(x) here :—x is called the differential operator ( +, -, %, +) usually
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denoted by D. Z—z means ;—x (y) which is to be understood as the derivative of

y W.r.t X.
Example: Let y = x™, nis any real number

~y+ 6y =(x+6x)"
Subtracting we get 6y = (x + 6x)" —

Sy o (x+ox)™t —

lim— = lim
5x— O0X 5x—0 ox

As 0x 20, x + dx = X. putting t = x+ 6x we have,

') =2 = lim = = nx™~*,By using standard limit (i)

Sx—-0 t—x

Thus f'(x) = Z—z = :—x(xn) =nx" L

The following table gives a list of derivatives established for standard functions.

Differentiation Formulae Differentiation of Functions
1. df;)‘()=nx“—1 [f(x)] n[f L. S (100)
, 4 _ x [ef(x)] f(x) d (f(x))
dx
3. %(ax)zloga.ax [af(x)] af () 94 (f(x))
d _1 a4 _ 1 4a
4, &(Iogex)_ . dx[IOge f(x)] f(x)'dx(f(x))
d ()L 4 (e L9
> &(\&)_2\/} dx( f(x))_Z«/f(x)'dx(f(X))
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o th e
S xUT()) [f(xF dX
d(1 -n d 1 n d
7. 2= |- - . = (f
dx(x"j X"+ dX{[f(xn”J [f oo™ ')
8. i(smx) COS X i(sinf(x))zcos(f(x))i(f(x))
dx dx “dx
0. i(cosx)——sinx i(cosf(x))z—sin(f(x)) i(f(x))
dx dx "dx
d 2 d _
10. &(tan X) =sec” x &(tan f (x)) = sec? (f(x)) (f(x))
d 2 d _
11. &(cotx):—cosec X &(cotf(x))— cosec (f(x)) (f(x))
12. %(secx):secxtanx %(secf(x)) sec(f(x))tan(f(x)) (f(x))

13. %(cosec X) = —COsec x cot X %(cosec f(x)) =—cosec f(x) cot(x)i( f(x))

d, . d, .

14. &(smh X) = cosh x &(smh f(x))= cosh(f(x)) (f(x))
d . d

15. &(cosh x) =sinhx &(cosh f(x))= smh(f(x)) (f(x))
d ) d B

16. &(tanh x) =sech®x &(tanh f (x)) =sech’ (f(x)) (f(x))

17. %(coth X) = —cosech’x %(coth f (x)) =—cosech’ (f(x)) (f(x))

18. %(sechx)z—sechxtanhx, %(sechf(x))——sech(f(x))tanh(f(x)) —(f(x))

d _ a _ af(x)
19. = (cosechx) = —cosechx cothx ™ (cosechf(x)) = cosechf(x)cothf(x).—dx
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20. i(sinlx): !

dX l_X2
21. i(cos‘lx):— !

dx 1- %2
22. i(tan—lx): !

dx 1+ x?
23. i(cot‘lx)z— 1

dx 1+ X2

1

24, i(sec‘1 x) =
d

25. i(cosec‘lx) =—

26. i(sinhlx)z !

dx 1+ x?
27. i(c:osh‘lx) _

dx W2 _1
28. i(tanh‘l x): 1

dx 1-x?
29. i(coth‘lx) _ 1

dx 1-x
30. i(sech‘lx) __

dx w1 — x2

-1

31. i(cosech‘lx) =
dx

xVx° +1

d(. a0 1 d
&(sm f(x))_ = ()
d( .. -1 d
&(cos f(x))— — v 'dx( f(x))
d( 4. 1 d
&(tan f(x)) T +(100)
d( ..\ -1 d
&(cot f(x))—1+f(x)2.dx(f(x))

d/ 1 d(f(x))

—(sec™ f(x))= :

dX( ) f OO\ (X)2 -1 dx
i(cosec‘1 f(x)) = ! .d (f(9)
dX f (X) f (X)Z _1 dX

d( .. 1 d
&(smh f(x))_m.dx(f(x))
d( o,y 1 d
&(cosh f(x))_m.dx(f(x))
d( ..\ 1 d
&(tanh f(x)) T +(160)
d( ..y 1 d
&(coth f(x)) T —(100)
i(sech‘lf(x))z ! _d(f(x))
dX f(X) 1_ f(X)2 dX
1 d(f(x)

d
—(cosech™f (x)|= .
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e Rule of differentiation
Rule — 1: Function of a function rule or chain rule
If y=1f(u) where u=g(x) then

dy dy du

iy A O AC))

In other words, if y = f[g(x)] then z—z = f'lg(x)].g'(x)

Further if y = f[g{h(x)}] then % = f'[g{h(x)}].g' {h(x)}.h'(x)

-1 ,3x mcos™1

Example: y = log(sinx), y = sin(msin"1x),y =tan"1e3*,y =e x

Rule — 2: Product rule
d _odv | du . N ,
— (uv) = u—+v— e, (uv)' = uv' +vu

Example: y = e*logx,y = Vsinx.tan(log x).

Rule — 3: Quotient rule

_d — ! !
d (u Vo Yax - u vu —uv
=) = — |e., -] = >
dx \v v v v

log x 1+sin3x
Example: y = ==, y =

" 1-sin3x’

¢ Differentiation of implicit functions
If x and y are connected by a relation then the process of finding the
derivative of y w.r.t x is called as the differentiation oh implicit function.

In other words, given f(X, y) = ¢ we need to find Z—z treating y as a function
of x.

We have already said that ;—x [f{g(x)}]isequal to f'{g(x)}. g'(x). This s
equivalent to saying that

d s dy
a[f(y)—f(y)a

28



Department of Mathematics(UG), Vijaya College,RV Road, Bangalore-560004
Example:xsiny + x% + y? = ycosx x? + y% 4+ r2.

e Differentiation of parametric functions
If x and y are function of a parameter t we need to find the derivative of y

w.r.t. x ie., given x =f(t),y = g(t) we have to find Z—z

The rule is & = d—y/d—x and it is obvious that £ is a function of t.
dx dt’ dt dx

Example: x = at?& y = 2at,x = a(cosf + 0sinf) &
y = a(sinf — 6cos0)

e Logarithmic differentiation
Suppose we have the explicit function in the form y = [f(x)]9™ or an
implicit function in the form [f(x)]9®) = ¢ (say)then we have to first take

logarithms on bothsides and then differentiate w.r.t x for computing Z—i’ If the

index is a variable then it becomes necessary to employ logarithmic
differentiation for computing the derivative. Sometimes we employ this
method otherwise also to make the differentiation work simpler.

Example: y = a*,r"™ = a™cosnf

¢ Differentiation by using trigonometric substitution and formulae
Sometimes the given function will be in such a form that it will be difficult
to differentiate in the direct approach. In such cases we have to think of a
suitable substitution leading to a trigonometric formulae that simplifies the
given function considerably, thereby we can differentiate easily.

Example: y = sin™?! (1?;2) ,y = tan™! (;—z) putx = tané
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Integration is regarded as the reverse process of differentiation (anti

differentiation). For example, we know that %(sin x) = cosx. This is

equivalent to saying that the integral of cos x with respect to x is equal to
sin x. Since the derivative of a constant is always zero we can as well write,

;—x (sinx + ¢) = cos x or equivalently integral of cos x w.r.t. X is sinx + c.
The symbol [ stands for the integral. Thus in general we can say that if

4
dx
constant.

[f (x) + c] = F(x) then [ F(x)dx = f(x) + c, ¢ being the arbitrary

A list of Integration of some standard functions

n+l1

, Wheren = -1

n X
J.de_n+1

I%dx = log x

Iexdx =e*

X

a
loga

.[axdx =

Isin Xdx = —Cos x

Icos xdx =sin x

Itan X dx = log(sec x) = —log cos x
Icot X dx = log(sin x)

Isec x dx = log(sec x + tan x)
Icosec x dx = log(cosec x — cot x)
J'sec2 X dx = tan x

Icoseczx dx = —cot x

Isecxtan X dx =sec X

log(cosecax —cot ax)

a
tan ax

a

_[cosec axdx =

J‘sec2 ax dx =

cotax
a

.[cos ec’axdx = —

Sec ax
a

J' secaxtanaxdx =

cosecax
a

Icosecaxcotaxdx=—

Isinh X dx = cosh x

j cosh x dx = cosh x
J'tanh X dx = log cosh x
J.sec h®x dx = tanh x
fcos ech®xdx = —coth x
Isec hx tanh x dx = —sec hx

I cosechxcoth xdx = —cosec hx

1 . B
f dx =sintx=—-cos!x
1-x?

30



Department of Mathematics(UG), Vijaya College,RV Road, Bangalore-560004

Icosec X cot xdx = —cosec X _[ dx=tan " x=—cot™*x
1+ x?
. COS ax _ _
fsm ax dx = — dx =sec™! x = —cosec*x
a X\ X% =1
sin ax L
J'cosax dx = dx =sinh ™t x
a 1+ X2
log(sec ax log cos ax _
jtanaxdx: o ) __log dx = cosh™ x
a a et X2 _1
log(sin ax . 1 _
.fcotax dx=M dx = —sech™x
a T xyV1-x?
log(sec ax + tan ax
Isecax dx = 9( )
a

Note: The above results can easily be verified by differentiating the R.H.S of the
results.

e Some methods of integration

Method 1: ff( )dx = log f(x). If the numerator is the derivative of the

denominator then the integral is equal to logarithm of the denominator.

Further if :—x [f(x)] = kf’(x) where K is a constant then

f'x) (X) _L1kff(x) (x) _1
f(x) f( ) = klogf(x).
Example: fﬁdx ,fmdx, fxlsgxdxrfii:i

Method 2: Integration by substitution

In this method a suitable substation is taken to reduce the given integral to a
simpler form in the new variable and integrate accordingly. Taking substation is only
by judgment in case of simple problems, though we have specific substitutions for
some specific form of integrals.

31




Department of Mathematics(UG), Vijaya College,RV Road, Bangalore-560004

(3x+4)dx

2
x
dx .
V3x2+8x+5 'f\/1—x6

Example: [

Remark: Trigonometric function, hyperbolic functions will also serve as
substitutions in the evaluation of certain standard integrals and these integrals are
given later. They will be highly useful.

Method 3: Integration by parts (Product rule)

fuvdx=ujvdx—f}vdx.u’ dx

It should be noted that this rule is not applicable for integrals of product of any two
functions. However if the first function is a polynomial in x and the integral of the
second function is known the rule can be tried. In such a case we also have a
generalized product rule known as the Bernoulli’s rule which is as follows.

fuvdx=ufvdx—u’jJvdxdx-ku”jijdxdxdx—---..

Example: [ xcos3x dx, [logx dx, [(x® + x + 1)e**dx.
Method 4: Method of partial fractions

The method is narrated in the Algebra section. After resolving the function
f(x)/g(x) into partial functions we have to integrate term by term.

Method 5: Integration by using trigonometric formulae

Various integrals involving products of sine and cosine terms and terms like
sin?x, cos?x, sin3x, cos3x etc. can be found by using various trigonometric
formulae as given in the Trigonometry section. These formulae converts product
into a sum.

Example: [ cos?3x dx, [ sin4x cos2x dx.

Standard integrals

With the help of the method discussed earlier, the following standard integrals are
obtained and they will be highly useful.
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ax
1) jeaxsin(bx +c)dx = [asin(bx + ¢) + bcos(bx + ¢)]
a’ +b?
eax
2) j eXcos(bx +c)dx = [acos(bx + ) - bsin(bx +¢)]
a.2 + b2

Note: (1) &(2) are obtained by parts.

Integration by substitution

n+1

Creroni 7 _ [f(3)]
L JIfeoI" Fdx ===

1 (ax+ b)n+l

2. [(ax+b)"dx =
’ a n+l

3. 'sin(ax +b)dx = -icos(ax +b)
4. [cos(ax + b)dx = %sin(ax +b)

5. Itan(ax +b)dx = ilog (sec(ax +b)) = -ilog (cos(ax + b))

(o]

: _[cot(ax +b)dx = ilog (sin(ax +b))

\l

: I sec(ax +b)dx = ilog (sec(ax +b) +tan(ax + b))

oo

: j cosec(ax +b)dx = ilog (cosec(ax +b) - cot(ax + b))

dx 1, (X .
Q. '[az e = atan (gJ (by putting x = a tan0)

at+Xx

dx
10.
Iaz_xz 2a a-x

= iIog (—j where a>x  (by partial fractions)

33



Department of Mathematics(UG), Vijaya College,RV Road, Bangalore-560004

11. | I _Liog(X2) wherea<x  (by partial fractions)
x?—a? 2a X+a

12. J' dx _ _ sint[ 2 (by putting x = a sinf)
2 2 a
a“—Xx

13]

=sinh” (Xj (by putting x= a sinh)

F

14[

=cosh” (Xj (by putting x = a cosh0)

F

R 2
15. [Va? —x2dx = X\a? —x2 + a?sin'l(gj (by putting x = a sinf)

a

R 2
16. [Va? +x2dx = 2a? +x? + %tan'1 (5) (by putting x = a sinh0)
/ a a

2
17. I\/XZ —a’dx = gxlxz ~a®- %cosh'1 (gj(by putting x = a cosh0)

Note: sin™! x/a = log(x + Vx2 + a?)
os tx/a =log(x + Vx2 — a?)

We now proceed to give a few method where the standard integrals are being used.

Method 6: Integration by completing the square

This method is applicable for integrals of the type:

x% + bx + c.

1 1
/ax2+bx+c, /\/ax2+bx+c'\/a

We consider ax? + bx + ¢ and write it in the form a(x? + bx/a + c/a). We then
express it in the form a[(x + a)? + 2], a and S being constants, we complete the
integration by making use the standard integrals.
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Example: fx2+6x+25 fm JVx? + 6x + 25dx.

Method 7: Integral of the types:

px +q px +q

’ ) + 2+ bx +
ax? +bx + ¢’ Jax2 + bx + c (px + @)ax xTc

In all the three cases we first express the numerator (linear term) as | (derivative of
the quadratic) + m. where |, m are constants to be found. That is to find | and m such

that px + g =1l(2ax+b) +m

. (4x+5)dx (4x+5)dx >
Example: [ ———, [ ————, [(4x + 5) V4x* + 12x + 5dx.

e A few more types of integral along with substitution for the purpose of
integration is as follows.

dx 42
1. f—(ax+b)m....put (cx+d)=t

2. [ ax ut = -
"V (px+q)Vax?+bx+c - pUt = t

dx . 2t
3. fasinx+b ——...put tan(x/2) = t and use the result sinx = —
2dt
COSXx =
1+t
dx . .. 2 _
4 s - Multiply and divide by sec®x and then put tanx = t

In all the above cases we arrive at a quadratic in t.

e Definite integrals
We define [ f(x)dx = g(b) — g(a) where g(x) = [ f(x)dx

Observe the following examples

35



Department of Mathematics(UG), Vijaya College,RV Road, Bangalore-560004

2 5 X312 23 13 8 17
[(x?dx == ==—-==-—-===.
1 3, 3 3 3 3 3

fon/z cosx dx = [sinx]g/2 = sin(”/z) —sin0=1-0=1.

Properties of Definite Integral

b b
1. [ fO9dx =] f (@)t

2. jl f (x)dx :—T f (x)dx
a b

b c b
3. F00dx=] F)dx+ [ F()dx, where a < c <b
a a

c

4. j‘ f (x)dx :jl f (a—x)dx
0 0

. jf(x)dx= 2_(’;f(x)dx, if f(x)iseven i,.e f(=x)=f(x)
@ 0 if f(x)isodd i,.e f(-x)=—f(x)
22 Zjlf(x)dx, if f(2a—x)=f(x)

6. j f()dx={"3
0 0 if f(2a—x)=—f(x)

Y

A

y=f?/
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0 a b X

Note: Geometrically ff f(x)dx represents the area bounded by the curve

y = f(x), the x —axis and the ordinates x = a, X = b.

e Application of Integration
I. Area bounded by the curve y = f(x), X-axis and x = a, X = b is given by

Y

b b
e Area = j y dx :j f (x)dx

a a

I1. Area bounded by the curve x = g(y), Y-axisand y =c, y =d is given by
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Y
red b b
Area= | Xy =] a(y)dy
e a a
o X

I11. Area bounded by the curve y = f(x), y = g(x), X-axisand x =a, X = b is
given by

Or

Area bounded between the curves y = f(x), y = g(x) intersectingat x =a,X =D

IS given by

b b
Area = _[ f(x) dx —j g(x)dx

s VECTOR ALGEBRA
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Vector is a quantity having both magnitude and direction. Scalar is a
guantity having only magnitude. For example, force, velocity, acceleration
are vector quantities. Density, mass are scalar quantities.

A vector with magnitude equal to one is called a unit vector. The line
segment joining a given point to the origin is called as the position vector of
that point.

Representation of a vector in three dimensions

Let OX and OY be two mutually perpendicular straight lines. Draw a line
OZ perpendicular to the XOY plane. In other words OX, OY, OZ are said to
from three mutually perpendicular straight lines. Let P be any point in space
and from P draw PM perpendicular to the XOY plane. Also draw MA
perpendicular to the X — axis, MC perpendicular to the Z — axis and PB
perpendicular to the Y — axis.

If OA =x, OB =y, OC = z then the coordinates of P = (X, Y, 2).

AY

P(x,y,2)

®
v

Z

Suppose we take three points respectively on the coordinate axes at a
distance of 1 unit from the origin O then these will have coordinates
respectively (1, 0, 0), (0, 1, 0) and (0, 0, 1) . the associated line segments are
the unit vectors: § = (1,0,0) , j = (0,1,0) and k = (0,0,1) along the
coordinate axes and are called the basic unit vectors.

We have (X, Y, z) = x(1, 0, 0) +y(0, 1, 0) + z(0, 0, 1)

The vector representation of the point P is written in the standard form 0P =
7 =xi+yj+zk
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Magnitude of 7 = distance between O (0,0,0)and P (X, Y, z) =
JE =02+ (y—0)2+(z—0)2=/x2+y2+ 22
~ |#] = \/x2 + y2 + 22 is the magnitude of 7. Also#A = F/|F| is always a

unit vector.

O = 0i + 0j + Ok is called the null vector.

» Definition and properties

(1) Dot and cross products : Let A and B be any two vectors subtending an
angle 0 between them. Also let A represent the unit vector perpendicular to

the plane containing the vectors Aand B (i.e., perpendicular to both A and
B). Then we have

A.B = |A||B|cos6 (Scalar quantity)

A x B = |A||B|sin6# (Vector quantity) where 4, B, 7i forms a right handed
system.

(2) Angle between the vectors A & B: From the definition of the dot product

we have

AB

|4]|B]
cos® = cos™/, =0 => A.B = 0i.e, tosay that 4 is perpendicular to B

ifA.B =0

cosf = Further the vectors are perpendicular if 8 = 7T/Zor

(3)Properties : ) A.B =B.A;Ax B = —(4 x B)
k

iNi.i=jj=kk=1

(i) ixi=jxj=kxk=0
(iv) ixj=k jxk=0kxi=]
Wi.j=jk=ki=0

(4) Analytic expressions for the dot and cross products
If A=a,i+a,j+askand B = byi+ b,j + bsk
Then A)E) = a1b1 + azbz + a3b3
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N L
AXB=l|a; a; az
by b, bs

(5) Scalar triple product or Box product
A.(B x C) Denoted by [4, B, C] is called as the scalar triple product or the

box product of the vectors 4, B, C
Properties:

(i) 4. (B xC)=(AxB).C

(i) A. (B x C) = B.(C x A) = C.(B x 4)

(iii) [4, B, C] is equal to the value of coefficient determinant of the vectors
AB,C

(iv) If any two vectors are identical in a box product then the value is equal
to zero. In such a case we say that the vectors are coplanar.

(6) Expressions for the vector triple product

(i) 4 x (B x ¢) = (4.6)B - (A.B)¢

(i) (AxB)xC = (4.C)B—(B.C)A

Simple illustration: Given 4 = 2i + j — 2k, B = 3i — 4k,
Let us compute 4. B, 4 x B and the angle between 4 and B
>> A.B = (2i +j — 2k). (3i — 4k)

A.B=2)3)+ (1)) + (=2)(-4) = 14

L |k
AXB=12 1 =2|=i(-4-0)—j(-8+6)+k(0-23)
3 0 —4
= —4i+2j -3k

If 0 is the angle between A and B then
AB 14 14 14

AllB] V2 r T o E T a7 BB 15

cosf =
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14 4 (14
cosf = — or cos™ ! (—) = 0.
15 15

+» COORDINATE GEOMETRY OF TWO DIMENSIONS

» Coordinate representation

A
Y
Q B P
y y
x ¢ A "X
y y
R D S
“ YI

The coordinate representation of the points shown in the figure with reference
to the origin

O = (0, 0) is as follows.
P=(xy) Q=(-xy) R=(x-y) S=(x-y) A=(x,0) B
=(0,y)
C=(-x,00 D=(0,-y)
Some basic formulae : Let A = (x4,y1) and B = (x5, ¥,)
(i) Distance AB = /(x, — x1)2 + (y, — y1)? (Distance formula)
(if) Coordinates of the point P dividing the line joining AB in the ratio [:m

Ix,tmxq ly,tmy,
ltm l+tm
The sign is positive if P divides AB internally and the sing is negative if P

divides AB externally.

Is given by( ) [section formula]

Particular case : (a) The coordinates of the midpoint of AB is given by
(x2+x1 }’2+)’1)
2 2
[ [ = m in the external division formula]
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(b) The coordinates of the point dividing AB in the ratio 1 : k internally is
X,+kxqy ya+kyq

given by ( 1+k ' 1+k
any arbitrary point lying on the line AB.

) . This coordinate is regarded as the coordinate of

Locus : The path traced by a point which moved according to alaw (certain
geometrical conditions) s called as the locus.

» Straight line
If a straight line make an angle 6 with the positive direction of the x — axis
then m = tan® is called as the slope or the gradient of the straight line.

NOTE: If y = f(x) be the equation of a curve then f'(x) = % represents the
slope of the tangent at a point P(x, y) on it.

The equation representing different kinds of straight lines along with figures
is as follows.

(1) x =0 and y = 0 respectively represent the equation of the y — axis and the
X — axis.
x =c;&y = c, are respectively the equations of a line parallel to the y —

axis and the equation of a line parallel to the x — axis.
AY
x=0 y=c¢y

(2) y = mx is the equation of a line passing through the origin having slope m. In
particular y = x is the equation of a line through the origin subtending an angle 45°
with the x — axis (slope = 1).

A
Y Yy = mx
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(3) 2 + % = 1 (intercept form) is the equation of a line having x intercept a and y
intercept b. That is the line passing through (a, 0) and (0, b).

A

N

Y

v

(4) y = mx + c is the equation of a straight line having slope m and an intercept ¢
on the y — axis.

(5) y — y; = m(x — x;) is the equation of a straight line passing through the
(x4, y,1) having slope m.

01 =2
1 2 1

is the equation of a straight line passing through the points

(x1,v1) & (xo,y,). Also m = 2221 js slope of a straight line joining the points

X2—X1

(x1, Y1) & (x2,¥7).

(7) Ax +By +C = 0 is the equation of a straight line in the general form i.e., y =
— gx — % and comparing with y = mx + ¢ we can say that the slope (m) = —% =
—coeff.of x

coeff.of y
Angle : Angle 6 between the straight lines having slope m,and m,, is given by
tanf = —~—= Further the line are perpendicular if 6 = ™/, which implies

mim;

tanf = oo and we must have 1 + m;m, =0 or m;m, = —1. Also if the lines are
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parallel then 6 = Owhich implies tan 6 = 0 and hence we have, m; — m, =
0 or my =m,

‘Lines are perpendicular if the product of the slope is — 1 and lines are parallel if
the slopes are equal’

Length of the perpendicular: The length of the perpendicular from an external
lax1+by,+c|

point (x,, y,) onto the line ax + by + ¢ = 0 is given by e

» Circle
The equation of the circle with centre (a, b) and radius r is (x — a)? +
(y — b)? = r2. In particular if origin is the centre of the circle then the
equation is x? + y? = r?
The equation of the circle in its general form is given by, x? + y? + 2gx +
2fy + ¢ = 0 whose centre is(—g, —f) and radius is /g2 + f2 — ¢

» Conics

If a point moves such that its distance from a fixed point (known as the focus)
bears a constant ratio with the distance from a fixed line (known as the
directrix) the path traced by the point (locus of the point) is known as a conic.
The constant ratio is known as the eccentricity of the conic usually denoted by
‘e’. the conics are respectively called as parabola, ellipse and hyperbola
accordingase =1,e<1ande >1. Also it may be noted that an asymptote is a
tangent to the curve at infinity.

Some useful information about the conics with their equation in the Cartesian
and parametric forms along with their shapes are given.

(1) Parabola

y? = 4ax (Symmetrical about the x — axis) ; x = at?,y = 2at
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x? = 4ay (Symmetrical about the y — axis) ; y = at?,x = 2at

General forms of parabola: (y — k)? = 4a(x — h); (x — h)? = 4a(y — k)

Y
A
A
Y y? = 4ax
/\ S’ xZ — 4ay
S » X > X
Focus=S=(a, 0) Focus=S'=(0, a)
(2) Ellipse
x?  y? . .
;+b—2= 1;x =acos6,y = b sinf

Length of the major and minor axis are respectively 2a and 2b S(Focus)=(ae,
0), S'(Focus) =(- ae, 0)

Coordinates of foci (+ ae, 0) = (+Va? — b? ,0)

AY
2 2
Stn=1
Kﬁ a b
> X
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(3) Hyperbola

2
;_%:1;x:a5e69,y=btan9

S (Focus)=(ae, 0), S’(Focus) =(- ae, 0)
Coordinates of foci (+ ae, 0) = (+Va? + b? ,0)

It may also be noted that = ¢? ;x = ct,y = ¢/t is the equation of a curve
known as the rectangular hyperbola.

AY

v

% AREA, VOLUME, SURFACE AREA

Circle: Area = rr? Circumference =2 nr.
Ellipse: Area = mab
Square:  Area = x?; Perimeter = 4x.

Rectangle: Area = xy ; Perimeter = 2(X +y).

Triangle: Area= %(base)(height) ; Perimeter=2s=a+b +c.

3

Area of equilateral triangle = " a2,
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Area = \/S(S —a)(s—b)(s—c)

Name of solid Volume Lateral or Total surface
curved surface area
area

1. Cube a3 4q? 6a?
2. Cuboid lbh 2(l+ b)h 2(lb + bh + hl)
3. Cylinder rZh 2nrh 2nr(r + h)
4, Cone 1/3 .mr?h mrl r(r + 1)
5. Sphere 4/3 .mr3 - 4mrr?

Where in the case of cone | is the slant height connected by the relation

t2 = r2 + h?,

Three Dimensional Geometry:

L'
>

P(x,y,z)
[ ]

Xcoordinat

K{ V-coordinate
X

Type equation here.
Direction cosines and direction ratios of a line:

If a line makes an angle o, B and y with the co-ordinate axes, then I=cosa, m=cosf} and
n=cosy are called direction cosines of the line and a, b, c are direction ratios given by the

relations
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Direction cosines and direction ratios of a line passing through two points (X1,y1,21) &

(X2,Y2,22)
Directions ratios X2-X1, Y2,22— z1 and direction cosines are
X=X Y. =% Z, — 14
VO =X+ (% =12+ (2, =2 0 =%) + (Yo = )’ + (2= 1) 06 = %) + (¥, = Vo) + (2, — )’

EQUATION LINE IN THREE DIMENSIONS:

I. Equation of a line thriugh & and parallel to bisf=

XXy _ YV _24
b C

I1. Equation of a line through two points fand bist=a+ ﬂ,('b-g) (vector form)
X=Xy — Y-Y: - Z-Z,
XXy YoY1 24,77

5 + /1;3 (vector form)

Cartesian form of the equation is

Cartesian form of the equation is

I1l. Angle between two vectors 5= (a,,a,,a;) and b= (b,,b,,b;) is given by
a,a,+bb, +cc,

\/af +a,” +a, \/bf +b,> +b?

cos@=

Note: 1. condition for two vectors & = (a,,a,,a;) and b= (b,b,,b;) are parallel is
4 _%_ 3
b b, b r
2. condition for two vectors 5 =(a,,a,,a,) and b=(b,b,,b,) are parallel is
a,a,+bb,+cc,=0
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: N G, r '
IV. Shortest distance between two skew lines a, + Ab,and a, + Ab,is

r r r r
d= (bl x brz) ’ (I,az — a1)
b, xb,|

V. Distance between the parallel lines 51 + Ab and 52 + b is
Fr r
bx(a, -a)|
TR

EQUATION OF PLANE:

. Equation of a plane in normal form rgf = d (vector form)
Cartesian form of the equation is IXx+my +nz =d, where |, m, nare d.cs
of the normal and 'd' is length of the normal.

I1. Equation of a plane perpendicular to the given vector and passing
r
through a point is (F—g)g\l = 0 (vector form)
Cartesian form of the equation is A(X-X,)+B(y-y,)+C(z-z,)my+nz=0, where A, B, C
r

are d.rs of the normal N
I11. Equation of a plane passing through three non-collinear points 2'31, b, c

is (B d(b-5) x (&-5) = 0 (vector form)

XXy ¥YY, 277
Cartesian form of the equation is |X,-X, Y,-Y; Z,-Z,|=0

X3-X1Y3Y1 2374
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